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A NEW SERIES OF COMPACT MINITWISTOR SPACES AND
MOISHEZON TWISTOR SPACES OVER THEM
NOBUHIRO HONDA
Abstract. In recent papers [10, 11], we gave explicit description of some new Moishezon
twistor spaces. In this paper, developing the method in the papers much further, we explicitly
give projective models of a number of new Moishezon twistor spaces, as conic bundles over
some rational surfaces (called minitwistor spaces). These include the twistor spaces studied in
the papers as very special cases.
Our source of the result is a series of self-dual metrics with torus action constructed by
D. Joyce [14]. Actually, for arbitrary Joyce metrics and U(1)-subgroups of the torus which
fixes a torus-invariant 2-sphere, we first determine the associated minitwistor spaces in explicit
forms. Next by analyzing the meromorphic maps from the twistor spaces to the minitwistor
spaces, we realize projective models of the twistor spaces of all Joyce metrics, as conic bundles
over the minitwistor spaces. Then we prove that for any one of these minitwistor spaces,
there exist Moishezon twistor spaces with only C∗-action whose quotient space is the given
minitwistor space. This result generates numerous Moishezon twistor spaces which cannot be
found in the literature (including the author’s papers), in quite explicit form.
1. Introduction
By the fundamental theorem of the twistor theory initiated by R. Penrose, there is a natural
one-to-one correspondence between self-dual conformal classes on a 4-manifold, and twistor
spaces over the 4-manifold. N. J.Hitchin [7] showed that there is a different but similar one-
to-one correspondence between Einstein-Weyl structures on 3-manifolds, and certain complex
surfaces called minitwistor spaces. P. E. Jones–K.P. Tod [13] pointed out that, when the self-
dual conformal class admits an action of a 1-dimensional Lie group, the former correspondence
naturally induces the latter one. Namely, an Einstein-Weyl structure is naturally induced on
the orbit space of the action, and a minitwistor space can be obtained as a quotient space of
the twistor space with respect to a lifted and complexified action. In particular, if one finds a
minitwistor space (or an Einstein-Weyl space), it may be possible to construct a twistor space
(or a self-dual conformal class) with 1-dimensional symmetries over the minitwistor space (or
the Einstein-Weyl space). This idea is successfully realized by C. LeBrun [16], who constructed
explicit examples of self-dual metrics and their twistor spaces on compact 4-manifolds, built
over a basic example of Einstein-Weyl space (the upper-half space H 3) and its minitwistor
space (the product surface CP1 ×CP1) .
In [10, 11], pursuing this idea, the author constructed some explicit examples of compact but
singular minitwistor spaces and then constructed Moishezon twistor spaces whose projective
models have a natural structure of conic bundles over the minitwistor spaces. In this paper,
developing this method much further, we systematically provide a number of minitwistor spaces
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and Moishezon twistor spaces with C∗-action over them. These include the twistor spaces in
[10, 11] as very special cases. (However much more investigations are required to reach the
detailed results about the structure and the construction given in [10] and [11]).
A resource of the present construction is a series of self-dual metrics with 2-dimensional torus
action constructed by D. Joyce [14], and their associated twistor spaces investigated by A. Fujiki
[5]. Namely, in Section 2, we start from an arbitrary Joyce metric on nCP2 (the connected sum
of n copies of complex projective planes) and choose an arbitrary U(1)-subgroup of the torus
that fixes a 2-sphere in nCP2. In other words, we take an arbitrary C∗-subgroup of C∗ ×C∗
that fixes a conjugate pair of smooth rational curves on the twistor space. For these subgroups,
we can explicitly give a linear system on the twistor space whose associated meromorphic map
can be regarded as a quotient map of the C∗-action (Proposition 2.5). We can also determine
the structure of the image surfaces (namely the minitwistor spaces) in completely explicit form
(Propositions 2.10, 2.12, 2.14). We emphasizes that these minitwistor spaces are given as
complex surfaces embedded in projective spaces, rather than abstract complex surfaces.
By our construction, there is a natural meromorphic map from the minitwistor spaces to
rational normal curves whose fibers are conics. The location of the reducible fibers of this
rational conic bundle map depends on the continuous parameters involved in the Joyce metrics
(Proposition 2.12). Consequently, our minitwistor spaces constitute moduli spaces, in accord
with a variation of Joyce’s parameters. But even if we neglect the difference raised by these
deformations, our method yields an infinite (but countable) number of minitwistor spaces, cor-
responding to the choice of n, torus actions on nCP2, and U(1)-subgroups of the torus. We
remark that most of these minitwistor spaces are new, as far as the author knows. Another
interesting feature of these minitwistor spaces is that, except the simplest example (which is a
smooth quadratic surface in CP3, the minitwistor space of the hyperbolic space), they always
have some mild singularities (Proposition 2.14).
Since the linear systems on the twistor spaces inducing the quotient maps to the minitwistor
spaces always have base points, the maps have indeterminacy loci. The structure of this base
locus is so complicated in general that it looks difficult to give an explicit sequence of blowing-
ups which removes the indeterminacy completely. But it is possible to give partial eliminations
explicitly, which are enough for the purpose of obtaining resolutions of the singularities of the
minitwistor spaces, as well as explicit CP2-bundles over the resolved minitwistor spaces (§3.1).
Then projective models of the twistor spaces of (arbitrary) Joyce metrics can be realized as conic
bundles in these CP2-bundles (§3.2). These can be regarded as a generalization of LeBrun’s
realization of (projective models of) his twistor spaces as conic bundles over CP1 × CP1,
because the last CP1×CP1 is the most simple example of the minitwistor spaces we obtained.
So far we have discussed the structure of the twistor spaces of Joyce metrics themselves. In
order to obtain new twistor spaces, we consider C∗-equivariant deformations of these twistor
spaces, where the C∗-action is the one we have been considering. For some of these C∗-actions,
any equivariant deformations become C∗ ×C∗-equivariant and in that case we cannot obtain
new twistor spaces. However, we can give a sufficient condition for the C∗-subgroup to have an
equivariant deformation with the properties that (i) not the whole of theC∗×C∗-action survives
but only the C∗-action survive under the deformation, (ii) the structure of the quotient space
by the C∗-action remains unchanged under the deformation. By the property (i), the deformed
twistor spaces are not the twistor spaces of Joyce metrics, but they are yet Moishezon by the
property (ii). The sufficient condition is expressed in terms of some integer easily determined
by the U(1)-action (Theorem 4.2). By using this criterion, we can further show that for any
prescribed minitwistor spaces obtained in Section 2, there always exist Moishezon twistor spaces
with C∗-action whose minitwistor space is the given one and whose automorphism group is just
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C∗ (Theorem 4.3). We also determine discriminant locus of the quotient map from these
twistor spaces to the minitwistor spaces (Proposition 4.4). Hence we obtain the structure of
these deformed twistor spaces in quite detailed form.
These results produce a huge number of Moishezon twistor spaces with C∗-action in a sys-
tematic way. To justify, let δ(n) be the number of equivalent classes of U(1)-actions on nCP2
that can be obtained from effective torus-actions on nCP2 by taking a U(1)-subgroup that
fixes one of the torus-invariant spheres. (Here we are considering all effective torus actions on
nCP2. We have δ(1) = 1, δ(2) = 2, δ(3) = 3, δ(4) = 7, δ(5) = 15, etc.) Then if n ≥ 3 there
exist at least δ(n− 1) effective U(1)-actions on nCP2 for which there exist non-Joyce self-dual
metrics invariant under the U(1)-action whose twistor spaces are Moishezon (Corollary 5.2).
We note that the number of previously known U(1)-actions satisfying these properties was only
a few for each n, and that this result is not known even if we do not require for the twistor
spaces to be Moishezon. We also remark that thanks to Proposition 4.4 mentioned above, this
is not just the existence theorem, but we have their detailed structure of the twistor spaces in
hand.
In Section 5.2–5.4, in order to obtain explicit new examples, we give various U(1)-actions on
nCP2. In Section 5.2, we consider all such U(1)-actions that can be obtained from LeBrun’s
torus-action. From these U(1)-actions we can already produce a considerable number of new
Moishezon spaces with C∗-action. In Section 5.3, we first display all such U(1)-actions whose
non-trivial isotropy subgroup is {±1} ⊂ U(1). These U(1)-actions might be placed to a po-
sition next to the semi-free action. We show that most of them have new Moishezon twistor
spaces. In Section 5.4, we consider a particular series of U(1)-actions on nCP2 which can
be placed to another extreme (in comparison with the U(1)-actions in §5.3). The minitwistor
spaces associated to these U(1)-actions are most singular ones among all minitwistor spaces we
construct in this paper. From these U(1)-actions we can also produce a lot of new Moishezon
twistor spaces. Meanwhile, we also arrange the twistor spaces obtained in [10] and [11] into
the present framework.
Apart from these explicit examples of new Moishezon twistor spaces, an interesting observa-
tion concerning our minitwistor spaces is that, some hyperplane sections appear as discriminant
curves of the conic bundle structure (Proposition 4.4). This is also true for the image of general
twistor lines. Namely, so called the ‘minitwistor lines’ are hyperplane sections of the minitwistor
spaces. This seems to indicate that our realization of minitwistor spaces and twistor spaces is a
natural one, and also that the minitwistor spaces should be considered not as abstract complex
surfaces but as embedded surfaces in projective spaces, as we do in Section 2.
As the twistor spaces of Joyce metrics are Moishezon manifolds, it is possible to consider
‘canonical’ quotient spaces under the C∗-actions. In Appendix we show that our minitwistor
spaces are actually isomorphic to these canonical quotient spaces (Proposition 6.2). This gives
an intrinsic characterization of our minitwistor spaces.
The author expresses his gratitude to Akira Fujiki for explaining him results on the existence
of ‘canonical’ quotient spaces by meromorphic actions on manifolds in C in general, and asking
him whether the author’s minitwistor spaces are actually identical to the canonical quotient
spaces, which results in the content in Appendix.
Notations and Conventions. As in [10, 11], to save notations we adapt the following
convention. If µ : X → Y is a bimeromorphic morphism of complex variety andW is a complex
subspace in X, we write W for the image µ(W ) if the restriction µ|W is still bimeromorphic.
Similarly, we use the same notation for a complex subspace in Y and its strict transform into
X. If D is a divisor on a variety X, the dimension of a complete linear system |D| always
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means dimH0(X, [D]) − 1. The base locus is denoted by Bs |D|. If a Lie group G acts on
X by means of biholomorphisms and D is G-invariant, G naturally acts on the vector space
H0(X, [D]). Then H0(X, [D])G means the subspace of all G-invariant sections. Further |D|G
means its associated linear system. XG means the set of G-fixed points. If Z is a twistor space,
F always denotes the canonical square root of the anticanonical line bundle of Z. The degree
of a divisor on Z means its intersection number with twistor lines. Throughout Sections 2–5,
K and G mean the 2-dimensional Lie group U(1) × U(1) and its complexification C∗ × C∗
respectively.
2. Minitwistor spaces associated to the twistor spaces of Joyce metrics
We first recall basic properties of Joyce metrics and their twistor spaces. For each n ≥ 1,
Joyce metrics on nCP2 are uniquely determined by the following two data. One is a diffeo-
morphism type of an effective K-action on nCP2, where the K-action becomes the confor-
mal isometry group of Joyce metrics. Here, we say that two K-actions on nCP2 have the
same diffeomorphism type if there exists a K-equivariant diffeomorphism of nCP2. For each
n, the number of diffeomorphic types of effective K-actions on nCP2 is finite. The other
data is a set of different (n + 2) real numbers which actually determines a Joyce metric. For
fixed diffeomorphism type of K-action on nCP2, two Joyce metrics on nCP2 determined by
{λ1 < λ2 < · · · < λn+2} and {λ
′
1 < λ
′
2 < · · · < λ
′
n+2} are mutually conformally isometric iff
there exist real numbers a, b, c, d with |ad − bc| = ±1 such that λ′j = (aλi + b)/(cλi + d) holds
for any 1 ≤ i ≤ n + 2 and some 1 ≤ j ≤ n + 2. Following Fujiki [5, §3], we call these (n + 2)
numbers as the conformal invariant of Joyce metrics.
By a theorem of A. Fujiki [5, Theorem 1.1], if a self-dual conformal class on nCP2 admits an
effective K-action of conformal isometries, then it coincides with the conformal class of some
Joyce metric. In the course of the proof, he showed the following result on the structure of the
twistor spaces of Joyce metrics.
Proposition 2.1. [5] Let Z be the twistor space of a Joyce metric on nCP2. Then the following
holds. (i) dim |F |G = 1. Moreover, general members of the pencil are isomorphic to a smooth
toric surface satisfying c21 = 8 − 2n. (ii) Let S be a general member of the pencil and C the
unique G-invariant anticanonical curve on S, which is a cycle of 2(n+2) rational curves. Then
Bs |F |G = C. (iii) If we write C =
∑2n+4
i=1 Ci in such a way that Ci and Ci+1 intersect, the real
structure on Z exchanges Ci and Ci+n+2, where the subscripts are counted modulo (2n+4). (iv)
The pencil |F |G has precisely (n + 2) singular members and all of them consist of two smooth
irreducible toric surfaces that are conjugations of each other. (v) If we write Si = S
+
i + S
−
i
(1 ≤ i ≤ n+ 2) for the reducible members, S+i and S
−
i divide C into ‘halves’ in the sense that
both S+i ∩ C and S
−
i ∩ C are connected (cf. (iii)). Moreover, if we write Li := S
+
i ∩ S
−
i , then
{Li | 1 ≤ i ≤ n+ 2} coincides with the set of G-invariant twistor lines on Z.
In the proposition, if a Joyce metric is not a LeBrun metric (with K-action), we can replace
|F |G by just |F |. Note also that the toric surface S is uniquely determined by the diffeo-
morphism type of K-action on nCP2. The conformal invariant corresponds to the place of
reducible fibers of |F |G.
Let S and C be as in the proposition. By (iii), we can write the cycle C as
(1) C =
∑
1≤i≤n+2
Ci +
∑
1≤i≤n+2
Ci.
Here we are giving a numbering satisfying CiCi+1 = CiCi+1 = 1 for 1 ≤ i ≤ n+ 1. Of course,
this numbering is determined only up to cyclic permutations (applied to the whole of C) and
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reversing the orientation. We make a distinction between S+i and S
−
i by declaring that S
−
i
contains the component C1.
In the following we choose and fix any one of the irreducible components of C, and adapt a
numbering for the irreducible components such that the chosen component is C1. Let G1 (≃ C
∗)
be the isotropy subgroup of C1. Then the conjugate component C1 is also fixed by G1. Since
the two curves C1 and C1 are fixed, there is a natural holomorphic quotient map
(2) S −→ CP1
by the G1-action on S, which has C1 and C1 as distinguished sections. On the base CP
1, the
quotient group G/G1 ≃ C
∗ naturally acts non-trivially. This action has two fixed points which
are conjugate of each other. Let f and f be the fibers (as schemes) of the quotient map (2)
over these two points. These are the only reducible fibers of the quotient map (2). As curves on
S, f and f are linearly equivalent. These are non-reduced curves in general. Actually, writing
these as
(3) f =
∑
2≤i≤n+2
kiCi and f =
∑
2≤i≤n+2
kiCi,
we have k2 = kn+2 = 1 (since f ·C1 = f ·C1 = 1) but ki ≥ 1 for 2 < i < n+2. In this way, for
the prescribed component C1 or the subgroup G1, we obtain the sequence of (n + 1) positive
integers (k2, k3, · · · , kn+2), where k2 = kn+2 = 1. From this, we derive a positive integer m
through the following procedure:
(i) Let k be the biggest number among {k2, k3, · · · , kn+2}, and i the smallest index satis-
fying ki = k. Next let j be the biggest index satisfying ki = ki+1 = · · · = kj = k. (So
j ≥ i holds. If ki = k is an ‘isolated’ maximum, j = i holds.)
(ii) For each index l satisfying i ≤ l ≤ j, we define k′l = kl − 1. Then consider the new
sequence of (n + 1) integers obtained from the original sequence (k2, k3, · · · , kn+2) by
replacing kl by k
′
l for i ≤ l ≤ j.
(iii) If all the entries of the resulting sequence is zero, then the procedure ends. If not,
return to (i) and apply the same procedure.
In the following we refer this procedure so frequently that we call as Procedure (A).
Definition 2.2. For the toric surface S ∈ |F |G and the subgroup G1 ⊂ G, let (k1, k2, · · · , kn+2)
be the sequence representing the reducible fiber as above. Then we define m to be the number
of times we require Procedure (A) until it end.
For instance, if n = 4 and the sequence is (1, 2, 1, 2, 1), then we have m = 3. Since each
entries ki decreases by at most one for each application of Procedure (A), we have the relations
(4) m ≥ ki
for all 2 ≤ i ≤ n+2. In this way for the toric surface S (in the twistor spaces of Joyce metrics)
and each C∗-subgroup G1 fixing a component of the anticanonical cycle, we have associated
a positive integer m. This integer will be a basic invariant in our construction of minitwistor
spaces. Note that once the pair (S,G1) is given, it is very easy to determine the sequence
(k2, k3, · · · , kn+2) and to compute the integer m.
Among all twistor spaces of Joyce metrics, LeBrun twistor spaces can be readily characterized
in terms of the invariant m as follows.
Proposition 2.3. Let Z be the twistor space of a Joyce metric. Then Z is a LeBrun twistor
space with G-action iff there exists a C∗-subgroup G1 of G such that the integer m for the pair
(S,G1) is one, where S ∈ |F |
G is a smooth member.
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Since we do not use this result, we only mention that, by a theorem of LeBrun [17] on a
characterization of his metrics in terms of U(1) or C∗-action, a key of the proof is the fact that
m = 1 if and only if G1 is a subgroup acting semi-freely.
The following proposition gives a linear system on the toric surface S which induces the
G1-quotient map (2).
Proposition 2.4. Let (S,G1) be a pair as above and m the positive integer determined in
Definition 2.2. Then the linear subsystem (of the system |mK−1S |) generated by the 3 curves
(5) mC, mC + f − f , mC − f + f
satisfies the following. (Note that the latter 2 curves are effective by the inequality (4).) (i) Its
movable part is free (ii) The image of the associated holomorphic map is a conic in CP2. (iii)
The holomorphic map coincides with the G1-quotient map (2).
Proof. This is entirely elementary. Actually, removing the maximal common curve mC1 +
mC1 +
∑n+2
i=2 (m− ki)(Ci + Ci) from (5), we obtain the 3 curves
(6)
∑
2≤i≤n+2
kiCi +
∑
2≤i≤n+2
kiCi,
∑
2≤i≤n+2
2kiCi,
∑
2≤i≤n+2
2kiCi.
respectively. These are exactly f + f, 2f and 2f respectively. From this all the claims (i)–(iii)
follow immediately. 
With this proposition, for the twistor spaces of any Joyce metrics, we are going to obtain
generators of a subsystem of |mF | whose associated map gives a (meromorphic) quotient map
for the twistor space with respect to the prescribed subgroup G1. (m will be the integer in
Definition 2.2.) This plays a key role for obtaining the minitwistor spaces.
Proposition 2.5. Let Z be the twistor space of a Joyce metric on nCP2, and S a smooth
G-invariant member of the pencil |F |G. Let G1 ⊂ G be the isotropy subgroup of a component
C1 of the anticanonical cycle C in S. Let m be the positive integer for (S,G1) as in Definition
2.2. Then we can explicitly find a G-invariant divisor Y ∈ |mF | satisfying the following. (i)
All irreducible components of Y are of degree one. (ii) Y |S = mC + f − f holds, where Y |S
means the restriction onto S. (iii) As irreducible components, Y contains S+1 and S
−
n+2 by
multiplicity exactly one for each, and does not contain S−1 nor S
+
n+2. In particular, Y is not
real. (iv) Y does not contain S+j nor S
−
j at the same time for any 1 ≤ j ≤ n+ 2.
Proof. We give explicit way how to obtain the divisor Y . First recall that we have
(7) mC + f − f = mC1 +
∑
2≤i≤n+2
(m+ ki)Ci +mC1 +
∑
2≤i≤n+2
(m− ki)Ci,
where we are still representing the fiber f as in (3). For each integer l satisfying 1 ≤ l ≤ m
we explicitly take two degree one divisors as follows. For each such an l, let il and jl be the
two indices i and j respectively obtained by the step (i) of l-th application of Procedure (A).
So we have 2 ≤ il ≤ jl ≤ n + 2. We choose two degree one divisors S
+
il−1
and S−jl . Then the
restrictions of these onto S are ‘connected halves of the cycle C’ of the following form:
(8) S+il−1|S = Cil + Cil+1 + · · ·+ Cil−1, S
−
jl
|S = Cjl + Cjl−1 + · · · + Cjl+1.
Take the sum of all these and define
(9) Y =
∑
1≤l≤m
(
S+il−1 + S
−
jl
)
.
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The degree of Y is clearly 2m. (Since il = il′ or jl = jl′ can occur for l 6= l
′, Y is non-reduced
in general.) Then we have
Y |S =
∑
1≤l≤m
S+il−1|S +
∑
1≤l≤m
S−jl |S(10)
=
∑
1≤l≤m
(Cil + Cil+1 + · · ·+ Cil−1) +
∑
1≤l≤m
(Cjl + Cjl−1 + · · · + Cjl+1).(11)
We now claim that for each 2 ≤ i ≤ n + 2, in (11), Ci and Ci are contained by multiplicities
(m + ki) and (m − ki) respectively. Actually, in the l-th application of Procedure (A), the
component Ci is chosen twice (i.e. both S
+
il−1
and S−jl contain Ci) iff il ≤ i ≤ jl, and otherwise
chosen precisely once (i.e. only one of S+il−1 and S
−
jl
contains Ci). On the other hand, in the l-th
application, the component Ci is not chosen at all iff Ci is chosen twice and otherwise precisely
once (by (8)). Since the number of l satisfying il ≤ i ≤ jl has to be exactly ki, the claim follows.
Then by (7), this means Y |S = mC + f − f . Further, since C = C, Y |S = mC − f + f holds.
Hence by Proposition 2.4, Y |S and Y |S belong to the system |mK
−1
S |. Since the restriction
map H2(Z,Z) → H2(S,Z) is always injective, this means that Y and Y belong to the system
|mF |. By the choice, (i) and (ii) are clear.
Next we show (iii). To see this, we notice that after applying Procedure (A) (m− 1) times,
all entries of the resulting sequence become 1. Thus for the final application of (A), we have
i = 2 and j = n+ 2. Namely in this final application, S+1 and S
−
n+2 are chosen. Further, since
k2 = kn+2 = 1 as is already remarked, these 2 divisors are not chosen during the preceding
(m − 1) applications. On the other hand, by our choice the degree one divisors for Y , it is
obvious that S−1 and S
+
n+2 are never chosen. Hence Y contains S
+
1 and S
−
n+2 by multiplicity
one, and does not contain S−1 nor S
+
n+2. Thus we obtain (iii).
Finally we show (iv). If Y contains S+j and S
−
j at the same time, we have 1 < j < n + 2
by (iii). Then by our choice of the components of Y , there exist 1 ≤ l < l′ ≤ m such that
‘k
(l)
j < k
(l)
j+1 and k
(l′)
j > k
(l′)
j+1’ hold (in this case S
+
j and S
−
j are chosen at the l-th and l
′-th
applications respectively) or ‘k
(l)
j > k
(l)
j+1 and k
(l′)
j < k
(l′)
j+1’ hold (in this case S
−
j and S
+
j are
chosen at the l-th and l′-th applications respectively), where (k
(l)
2 , · · · , k
(l)
n+2) is the sequence of
(n + 1) integers obtained from the initial sequence (k1, · · · , kn+2) by applying the procedure
(l − 1) times. Suppose one of these two possibilities holds. Then there must exist l′′ satisfying
l < l′′ < l′ such that k
(l′′)
j = k
(l′′)
j+1 holds. But once this situation occurs, we do not select S
+
j
nor S−j any more. Hence we always have k
(i)
j = k
(i)
j+1 for any i ≥ l
′′. This is a contradiction.
Thus we obtain the claim (iv). 
Definition 2.6. For each 1 ≤ i ≤ n + 2 let li be the multiplicity of the divisor S
+
i (or S
−
i ,
equivalently) in the divisor Y + Y , where Y is the member of |mF | as in Proposition 2.5.
Clearly we have li ≥ 0,
∑n+2
i=1 li = 2m and l1 = ln+2 = 1 by Prop.2.5 (iii).
Let Z,S,C1, G1,m and Y ∈ |mF | be as in Proposition 2.5. Similarly to the notation in [11],
let Vm be a subspace of H
0(Z,mF ) generated by the image of the natural map
(12) H0(F )G ×H0(F )G × · · · ×H0(F )G −→ H0(mF )G
given by (s1, s2, · · · , sm) 7→ s1⊗s2⊗· · ·⊗sm. Since H
0(F )G is 2-dimensional as in Proposition
2.1, Vm is (m + 1)-dimensional. Members of the associated linear system |Vm| is of the form
S1 + S2 + · · ·+ Sm, where Si ∈ |F |
G.
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Proposition 2.7. The linear system generated by Y , Y , and members of the m-dimensional
system |Vm| is a (m+ 2)-dimensional subsystem (of |mF |).
Proof. Since Y contains S+1 and S
−
1 is the only divisor that satisfies S
+
1 +S
−
1 ∈ |F |, Y ∈ |Vm|
means S−1 ∈ |F |. This contradicts Proposition 2.5 (iii) and hence Y 6∈ |Vm|. Since the system
|Vm| is real, this implies Y 6∈ |Vm|. If Y belongs to the (m+1)-dimensional system generated by
Y and |Vm|, then Y must contain the component C2 by multiplicity m since Y |S = mC+f−f ,
and members of |Vm| contain C2 by multiplicity m. On the other hand, since Y |S = mC−f+f
and k2 = 1, Y contains C2 by multiplicity (m− 1). This is a contradiction and we obtain that
Y , Y and |Vm| are linearly independent. Hence we obtain the claim of the proposition. 
Definition 2.8. We denote byWm for the linear subspace ofH
0(mF ) generated by two sections
defining the two divisors Y , Y , and the (m + 1)-dimensional subspace Vm. (By Proposition
2.7, we have dimWm = m + 3.) We denote by Φ
G1
m : Z → CP
m+2 for the meromorphic map
associated to the system |Wm|.
Later we will show Wm = H
0(mF )G1 . We always have to keep in mind that the system |Wm|
is determined only after choosing a subgroup G1 of G (or equivalently, a component C1 of C).
Let Ψm be the meromorphic map associated to the m-dimensional system |Vm| and Λm a
rational normal curve in CPm which is the image of Ψm. Then we have the following basic
commutative diagram of meromorphic maps
(13)
Z
Φ
G1
m−−−−→ P∨Wm
Ψm
y ypim
Λm −−−−→ P
∨Vm,
where pim is the canonical projection induced from the obvious inclusion Vm ⊂ Wm. We note
that the whole of the diagram (13) in not only G1-equivariant but also G-equivariant, since the
spaces Wm and Vm are not only G1-invariant but also G-invariant. As mentioned above, Wm
will turned out to be acted trivially by G1. On the other hand, Vm is of course acted trivially
by G.
Since the image of the restriction map H0(Z,mF ) ⊃Wm → H
0(S,mK−1S ) is a 3-dimensional
subspace generated by 3 sections defining 3 curves (5), and since the associated linear system
of the latter induces the G1-quotient map (2) by Proposition 2.4, the restriction of the mero-
morphic map ΦG1m to S is precisely the G1-quotient map (2), whose image is a conic in a fiber
of pim which is a plane in P
∨Wm. Thus, since S ∈ |F |
G is an arbitrary smooth member, T
can be regarded as a quotient space for the G1-action on Z. In view of this we introduce the
following
Definition 2.9. We call the image surface T := ΦG1m (Z) as the minitwistor space of a Joyce
metric with respect to the C∗-subgroup G1.
In Appendix we will show that the surface T is a ‘canonical’ quotient space of the twistor
space. Note that T is given not as an abstract complex surface but as a surface embedded in
a complex projective space. (This point will be significant later.)
Since Λm is a parameter space of the pencil |F |
G, it follows from the diagram (13) that by
pim, the minitwistor space has a natural structure of a rational conic bundle over (the image
of) Λm. In particular, T is a rational surface but not a complete intersection if m > 2 because
Λm is not so for m > 2. Moreover, the defining equation of T in P
∨Wm can be explicitly
determined as follows.
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Proposition 2.10. Let Z,C1, G1,m, Y ∈ |mF | and |Wm| be as above. Then there exist a
homogeneous coordinate (z0, z1, · · · , zm) on P
∨Vm = CP
m and two sections zm+1, zm+2 ∈Wm
which satisfy the following. (i) {z0, z1, · · · , zm+2} is a basis of Wm. (ii) With respect to a
homogeneous coordinate (z0, z1, · · · , zm) on CP
m, the rational normal curve Λm is given by
(14) {(1, λ, λ2, · · · , λm) |λ ∈ C} ∪ {(0, 0, · · · , 0, 1)}.
(iii) zm+1 and zm+2 are mutually conjugate sections which define the divisors Y and Y respec-
tively. (iv) The minitwistor space T = ΦG1m (Z) satisfies not only equations in the defining ideal
of Λm in CP
m but also a quadratic equation of the following form
(15) zm+1zm+2 = Q(z0, z1, · · · , zm),
where Q is a quadratic homogeneous polynomial with real coefficients. (v) The degree of the
surface T in CPm+2 is 2m.
Proof. This can be proved by an argument analogous to that of [11, Theorem 2.11]. So
here we only sketch a proof. For 1 ≤ i ≤ n + 2 let ei be a section of a line bundle [S
+
i ]
which defines S+i , and put ui = ei ⊗ ei ∈ H
0(F ). We adopt {u1, un+2} as a basis of H
0(F )G.
Let 0 = λ1, λ2, · · · , λm+1 be a sequence of real numbers satisfying ui = u1 − λiun+2 and put
λm+2 = ∞(= −∞). Then either λ1 < λ2 < · · · < λm+2 = ∞ or λ1 > λ2 > · · · > λm+2 = −∞
holds. For 0 ≤ i ≤ m we put zi = u
i
1u
m−i
n+2 and use {z0, z1, · · · , zm} as a basis of Vm. Then the
rational normal curve Λm is written in the form (14).
Since the divisor Y ∈ |mF | is a sum of degree one divisors as in Proposition 2.5, its defining
section is a product of ei and ei (1 ≤ i ≤ n + 2), where ei or ei is selected iff S
+
i or S
−
i is
contained as an irreducible component of Y respectively. (If Y contains S+i by multiplicity li,
then ei is selected li times.) Let zm+1 be a defining section of Y obtained in this way, and put
zm+2 = zm+1. Then by Proposition 2.7 and Definition 2.8, {z0, z1, · · · , zm+2} is a basis of Wm.
Moreover, by Definition 2.6, we have
zm+1zm+2 = c (e1e1)
l1(e2e2)
l2 · · · (en+2en+2)
ln+2(16)
= c u1u
l2
2 u
l3
3 · · · u
ln+1
n+1un+2(17)
= c u1(u1 − λ2un+2)
l2(u1 − λ3un+2)
l3 · · · (u1 − λn+1un+2)
ln+1un+2,(18)
where c is a non-zero real constant which can be taken as either 1 or −1. Then expanding
(18) and using the relation l1 + l2 + · · · + ln+2 = 2m, we obtain that the right-hand side of
(18) can be written as a quadratic polynomial Q of z0, z1, · · · , zm with real coefficients. (Of
course, Q is determined only up to the defining ideal of Λm. But it is explicitly computable
since l1, · · · , ln+2 are computable.) Thus we obtain (iv).
Finally (v) is immediate since by (iv) T is an intersection of the rational normal scroll of
2-planes parameterized by Λm whose degree is m, and the quadratic hypersurface (15). 
We note that {λ1, · · · , λn+2} in the proof is nothing but the conformal invariant of Joyce
metrics. Note also that l2, · · · , ln+2 in (18) are readily computable numbers.
The two subspaces Vm,Wm ⊂ H
0(Z,mF ) have the following intrinsic characterizations.
Proposition 2.11. (i) Vm = H
0(Z,mF )G holds. (ii) Wm = H
0(Z,mF )G1 holds.
Proof. For (i), the inclusion Vm ⊂ H
0(Z,mF )G is obvious. Suppose dimH0(Z,mF )G =
(m + 1) + α, α > 0. Then the image of the meromorphic map associated to |mF |G must
still be 1-dimensional, since general orbits of G-action on Z are 2-dimensional. Let Λ′m be
the image, which is a non-degenerate curve in CPm+α. Considering the natural projection
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CPm+α → CPm induced by the inclusion Vm ⊂ H
0(Z,mF )G, the map Ψm is factorized as
Z → Λ′m → Λm. Here, since α > 0 and Λ
′
m is non-degenerate, the degree of the map Λ
′
m → Λm
is at least two. On the other hand, general fiber of Ψm : Z → Λm is connected. This is a
contradiction and hence we obtain α = 0. Thus we obtain (i).
For (ii), identifying Λm and its image into P
∨Vm, by (13), we obtain the following commu-
tative diagram of meromorphic maps
(19) Z
Φ
G1
m
//
Ψm

T
pim
}}zz
z
z
z
z
z
z
Λm.
If the defining section zm+1 of Y is not G1-invariant, G1 acts non-trivially on the image surface
T (since T is non-degenerate inCPm+2). SinceG acts trivially on Λm, by (19), this means that
G1 acts non-trivially on fibers of T → Λm. This is a contradiction since the restriction Φ
G1
m |S
can be identified with the G1-quotient map (2). Therefore the section zm+1 is also G1-invariant.
Then by reality, zm+2 is also G1-invariant. Hence, since Vm = H
0(mF )G ⊂ H0(mF )G1 , we
obtain Wm ⊂ H
0(Z,mF )G1 . Suppose that dimH0(mF )G1 = (m + 3) + α, α > 0. Then by
the same argument for Ψm given above, the map Φ
G1
m is factorized as Z → T
′ → T , where
T ′ is a non-degenerate surface in CPm+2+α, and the map T ′ → T is generically l : 1 with
l ≥ 2. This contradicts the fact that general fibers of ΦG1m are the closures of G1-orbits that
are necessarily irreducible. Thus we obtain α = 0, as required. 
The proposition means that the rational map pim can also be regarded as a quotient map for
G/G1 (≃ C
∗)-action on T . As to the reducible fibers of pim (which are necessarily a sum of
two lines), the equations (16)–(18) directly imply the following, which means that the complex
structure of T depends on the conformal invariants of Joyce metrics.
Proposition 2.12. The rational map pim : T → Λm has reducible fibers precisely over the
points (1, λi, λ
2
i , · · · , λ
m
i ) ∈ Λm and (0, 0, · · · , 0, 1) ∈ Λm in the coordinate of Proposition 2.10,
where the index i of λi must satisfy li > 0.
Note that if m ≥ 2 (i.e. if G1 does not act semi-freely on Z), the complex structure of T
actually varies in accord with the conformal invariant of Joyce metrics since the number of
reducible fibers of pim is greater than 3 by Proposition 2.12. Thus our minitwistor spaces
constitute a non-trivial moduli space, if m ≥ 2. The dimension of the moduli space is given by
(20) # {1 ≤ i ≤ n+ 2 | li > 0} − 3,
where the first term is the number of reducible fibers of pim and 3 is the dimension of PGL(2,C)
acting on Λm ≃ CP
1. Proposition 2.12 also means that, if li = 0, the fiber over the point
(1, λi, λ
2
i , · · · , λ
m
i ) is irreducible. (The condition li = 0 is equivalent to ‘S
+
i 6⊂ Y and S
−
i 6⊂ Y ’.)
For these i, the twistor line Li = S
+
i ∩ S
−
i has the following important property.
Proposition 2.13. If li = 0, then Li ⊂ Z
G1 holds.
Proof. By Proposition 2.12 the fiber pi−1m (1, λi, λ
2
i , · · · , λ
m
i ) is irreducible if li = 0. Since
Bs |Wm| ⊂ C and Li 6⊂ C, the image Φ
G1
m (Li) makes sense for any 1 ≤ i ≤ n+ 2 and they are
G-invariant. By the diagram (19), ΦG1m (Li) ⊂ pi
−1
m (1, λi, λ
2
i , · · · , λ
m
i ). If Φ
G1
m (Li) is a point, the
point becomes G-fixed real point of T . But since the fiber pi−1m (1, λi, λ
2
i , · · · , λ
m
i ) is irreducible,
there exists no such a point. Hence ΦG1m (Li) is a curve, coinciding with the fiber itself. Since
ΦG1m is G-equivariant and G1 acts trivially on T , Li is acted trivially by G1, as desired. 
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Next we determine the singularities of the minitwistor spaces T . For this we first note that
the center (= the indeterminacy locus) of the projection pim : P
∨Wm = CP
m+2 → P∨Vm =
CPm in the diagram (13) is a line explicitly given by {z0 = z1 = · · · = zm = 0} in the
coordinate of Proposition 2.10. Let l∞ be this line. Since fibers of pim are exactly 2-planes
which contain the line l∞, the rational scroll pi
−1
m (Λm) contains l∞. Further, pi
−1
m (Λm) has cyclic
quotient singularities along l∞, where the singularity looks like C
2/Zm, with the generator of
Zm acting on C
2 as (z, w) 7→ (ζz, ζw) with ζ = e
2pii
m . (So it is not a rational double point
if m > 2.) On the other hand, the quadratic hypersurface (15) intersects l∞ at 2 points
P∞ := (0, · · · , 0, 1, 0) and P∞ := (0, · · · , 0, 0, 1). This means that the indeterminacy locus of
the projection pim : T → Λm consists of {P∞, P∞}, and these are also singular points of the
surface T . Further, since the intersection number of the quadratic (15) and l∞ is of course
two, the intersection must be transversal. Hence P∞ and P∞ are cyclic quotient singularities
of T of the above kind.
If we blow-up CPm+2 along l∞, the indeterminacy locus is eliminated and CP
m+2 is trans-
formed into the total space of the CP2-bundle P(O(1)⊕2 ⊕O) over CPm. Let Tˆ be the strict
transform of T under this blowing-up. Then the natural map Tˆ → T obviously resolves the
two singularities P∞ and P∞. We denote by Γ and Γ for the exceptional curves over P∞ and
P∞ respectively.
Since T is contained in pi−1m (Λm), Tˆ is contained in the restriction of the CP
2-bundle
P(O(1)⊕2 ⊕ O) → CPm onto the curve Λm. Since the degree of the curve Λm in CP
m is m,
this restriction is identified with the CP2-bundle P(O(m)⊕2 ⊕ O) → Λm ≃ CP
1. Thus the
surface Tˆ is embedded in this CP2-bundle. By the equations (16)–(18), the defining equation
of Tˆ in this bundle is explicitly given by
(21) ξ1ξ2 = c u(u− λ2)
l2(u− λ3)
l3 · · · (u− λn+1)
ln+1 .
where u = u1/un+2 is a non-homogeneous coordinate on Λm and (ξ1, ξ2) = (zm+1/u
m
n+2, zm+2/u
m
n+2)
represents points on the vector bundle O(m)⊕2 → Λm. From this expression, we can readily
deduce the following.
Proposition 2.14. Let T be the minitwistor space of the twistor space of a Joyce metric on
nCP2 with respect to a C∗-subgroup G1 of G as above. Then the singular locus of T consists
of the following. (a) The conjugate pair P∞ and P∞ which are isomorphic to a cyclic quotient
singularity C2/Zm as above, (b) The real points of the form (1, λi, λ
2
i , · · · , λ
m
i , 0, 0) ∈ T ⊂
CPm+2 where the index i satisfies li > 1. Further, this singular point is Ali−1-singularity of
T .
3. Projective models of the twistor spaces of Joyce metrics
In the previous section, we have explicitly given a linear subsystem |Wm| of |mF | which
induces a G1-quotient map Φ
G1
m : Z → T for the twistor spaces of Joyce metrics. The quotient
surface T , which we call the minitwistor space with respect to G1, was shown to be a rational
surface with mild singularities. In this section, by investigating the meromorphic map ΦG1m
more in detail, we realize a projective model of the twistor space as a conic bundle over (a
resolution of) the minitwistor space.
For this purpose, we recall that |Wm| is (m + 2)-dimensional system generated by the m-
dimensional subsystem |Vm| (composed of the pencil |F |
G) and two divisors Y and Y which
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are explicitly given by (9) and its conjugation. We rewrite (9) as
Y =
∑
1≤i≤n+2
(l+i S
+
i + l
−
i S
−
i ).(22)
Then by Proposition 2.5 (iv), at least one of l+i = 0 and l
−
i = 0 holds for each i. Further, by
Proposition 2.5 (iii), l+1 = l
−
n+2 = 1 and l
−
1 = l
+
n+2 = 0. We have li = l
+
i + l
−
i (see Definition
2.6). We also have
m =
∑
1≤i≤n+2
l+i =
∑
1≤i≤n+2
l−i(23)
which immediately follows from the expression (9). In the following argument we frequently
use these numbers.
3.1. Partial elimination of the base locus of the system |Wm|. Because the base locus
of a linear system is the intersection of all divisors generating the system, and since in the
present situation the base locus of the subsystem |Vm| of |Wm| is exactly the cycle C, we have
Bs |Wm| = Y ∩ Y ∩ C. Further, since Y contains the component S
−
n+2 containing C1 and also
S+1 containing C1, we have Y ⊃ C1 ∪ C1. Hence we also have Y ⊃ C1 ∪ C1. These mean
Bs |Wm| ⊃ C1 ∪ C1. Since the closure of general G1-orbits go through C1 and C1, C1 ∪ C1 is,
in some sense, the ‘principal part’ of the base locus. In the following, we give a sequence of
blowing-ups which eliminates the base locus that intersects C1 ∪ C1.
Before doing so, we give some remark. Since we know generating divisors of |Wm| and the
way how they intersect, it is in principle possible to give a full elimination of the base locus,
which may lead us to an explicit construction of the twistor spaces of arbitrary Joyce metrics.
Actually, for the twistor space of LeBrun metric with K-action, if we take the subgroup G1
acting semi-freely on nCP2, we have m = 1 and Bs |W1| is eliminated by just blowing-up
C1 ∪ C1. This seems to be a basic reason why the twistor spaces of LeBrun metrics can be
constructed relatively easily. But for other twistor spaces of Joyce metrics, the required blow-
ups are so complicated and it looks not easy to accomplish. So here we only give a partial
elimination, which is enough for the purpose of giving a projective model.
As the first step let µ1 : Z1 → Z be the blowing-up along C1 ∪ C1, and E1 and E1 the
exceptional divisors over C1 and C1 respectively. The two divisors S
−
1 and S
−
n+2 contain C1
and intersect transversally along C1. Further, if we put l = (C1)
2
S for the self-intersection
number in S (S is a smooth member of |F |G as before), we have (C1)
2
S−
1
= (C1)
2
S−
n+2
= l + 1
(cf. [5, p. 241 (13)]). Therefore NC1/Z is isomorphic to O(l + 1)
⊕2. Hence E1 (and E1) is
isomorphic to CP1 × CP1. Further, on Z1, the intersections S
−
1 ∩ E1 and S
−
n+2 ∩ E1 are
disjoint sections of the natural projection E1 → C1 whose self-intersection numbers (in E1) are
zero. On the other hand, since both S+1 and S
+
n+2 intersect C1 transversally at a unique point
respectively, the intersections S+1 ∩ E1 and S
+
n+2 ∩ E1 are (different) fibers of E1 → C1. Thus
the restrictions S±1 ∩ E1 and S
±
n+2 ∩ E1 form a ‘square’ in E1 ≃ CP
1 ×CP1.
Since Bs |F |G = C ⊃ C1∪C1, the strict transform of the pencil |F |
G makes sense, and we still
denote it by |F |G. This determines a pencil on E1 and E1 by restriction. Clearly we can take
(S+1 + S
−
1 ) ∩E1 and (S
+
n+2 + S
−
n+2) ∩E1 as generators of the pencil on E1. It follows that this
pencil on E1 has bidegree (1, 1) and has precisely two base points. As long as 2 ≤ i ≤ n + 1,
the intersections S−i ∩ E1 are irreducible members of this pencil. On the other hand, since
S+i ∩ C1 = ∅ for 2 ≤ i ≤ n+ 1 we have S
+
i ∩ E1 = ∅ for these i. Since the pencil |F |
G is real,
the analogous result holds for the restriction on E1.
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With these information, we investigate transformations of the system |Wm| on Z into Z1.
Members of the m-dimensional subsystem |Vm| clearly contain the curves C1 and C1 by mul-
tiplicity exactly m. Hence the set {µ−11 (D)−m(E1 + E1) |D ∈ |Vm|} of divisors on Z1 is still
a linear system, still denoted by |Vm|. Further, by (23), both Y and Y also contain C1 and C1
by multiplicity exactly m. Hence the set {µ−11 (D) −m(E1 + E1) |D ∈ |Wm|} is also a linear
system, still denoted by |Wm|. Then |Wm| (on Z1) contains |Vm| as a subsystem and is still
generated by |Vm|, Y and Y , where Y remains expressed as (22) if we interpret all the divisors
in the right-hand side as being those on Z1.
As in the case on Z, we have Bs |Wm| =Bs |Vm| ∩ Y ∩ Y on Z1. We first determine Bs |Vm|
(on Z1). Since m(S
+
1 + S
−
1 ) ∈ |Vm| and m(S
+
n+2 + S
−
n+2) ∈ |Vm| still hold, we have Bs |Vm| ⊂
(S+1 ∪S
−
1 )∩ (S
+
n+2∪S
−
n+2). The latter is (S
+
1 ∩S
+
n+2)∪ (S
+
1 ∩S
−
n+2)∪ (S
−
1 ∩S
+
n+2)∪ (S
−
1 ∩S
−
n+2).
Since S+1 ∩S
+
n+2 = C1 on Z and (S
+
1 ∩E1)∩(S
+
n+2∩E1) = ∅ on Z1 as noted above, S
+
1 ∩S
+
n+2 = ∅
on Z1. Hence S
−
1 ∩ S
−
n+2 = ∅ on Z1. Further since S
+
1 ∩ S
−
n+2 = C2 ∪C3 ∪ · · · ∪Cn+2 on Z, the
same equality holds also on Z1. Hence we have S
−
1 ∩S
+
n+2 = C2 ∪C3 ∪ · · · ∪Cn+2 on Z1. From
these we obtain, on Z1,
Bs |Vm| = (C2 ∪ C3 ∪ · · · ∪Cn+2) ∪ (C2 ∪ C3 ∪ · · · ∪ Cn+2).(24)
Now suppose that m = 1. (This is equivalent, by Proposition 2.3, to the assumption that Z
is the twistor space of LeBrun metric with K-action, and the G1 is acting semi-freely on Z.)
Then since ki = 1 for all 2 ≤ i ≤ n + 1, we have Y = S
+
1 + S
−
n+2 and Y = S
−
1 + S
+
n+2 by (9).
Since (S+1 ∪ S
−
n+2) ∩ (S
−
1 ∪ S
+
n+2) = (S
+
1 ∩ S
−
1 ) ∪ (S
+
1 ∩ S
+
n+2) ∪ (S
−
n+2 ∩ S
−
1 ) ∪ (S
−
n+2 ∩ S
+
n+2),
S+1 ∩ S
−
1 = L1, S
−
n+2 ∩ S
+
n+2 = Ln+2, and S
+
1 ∩ S
+
n+2 = S
−
n+2 ∩ S
−
1 = ∅ on Z1, we obtain
Y ∩ Y ⊂ L1 ∪Ln+2. But L1 and Ln+2 are disjoint from the right-hand side of (24), at least on
Z1. Hence we obtain Bs |Wm| = ∅. Namely if m = 1, Bs |Wm| on Z is completely eliminated if
we just blow-up C1 ∪ C1.
In the following we suppose m ≥ 2. By (24), members of |Vm| (on Z1) actually contain
the 4 curves C2, Cn+2, C2 and Cn+2, and the multiplicities are m. Further, by Proposition 2.5
(ii) the member Y contains C2 and Cn+2 by multiplicity (m + 1) and (m − 1) respectively,
and Y contains C2 and Cn+2 by multiplicity (m − 1) and (m + 1) respectively. These mean
Bs |Wm| ⊃ C2 ∪Cn+2 ∪ C2 ∪ Cn+2.
So let µ2 : Z2 → Z1 be the blowing-up along C2 ∪ Cn+2 ∪ C2 ∪ Cn+2, and E2, En+2, E2
and En+2 the exceptional divisors respectively. By the above investigation of Bs |Wm| ⊂ Z1,
the pull-back µ∗2|Wm| has (m − 1)(E2 + En+2 + E2 + En+2) as its fixed components. We
still denote by |Wm| for the (m + 2)-dimensional linear system on Z2 whose members are the
total transforms of the system |Wm| on Z1 with these fixed components subtracted. Also, we
still denote by |Vm| for the m-dimensional linear system on Z2 whose members are the total
transforms of the system |Vm| on Z1 with the same fixed components subtracted.
By the same argument for the system |Vm| on Z1, we have, on Z2, the linear system |Vm| is
generated by the following (m+ 1) divisors:
(25) k(S+1 + S
−
1 ) + (m− k)(S
+
n+2 + S
−
n+2) + (E2 + En+2 + E2 + En+2), 0 ≤ k ≤ m,
where the last term comes from the fact that all members of |Vm| in Z1 contain C2, Cn+2, C2
and Cn+2 by multiplicity precisely m which exceeds (m − 1) by one. By considering the two
divisors obtained by putting k = 0 and k = m and taking their intersection, we obtain
Bs |Vm| = {(C3 ∪ C4 ∪ · · · ∪ Cn+1) ∪ (C3 ∪ C4 ∪ · · · ∪ Cn+1)} ∪E2 ∪ E2 ∪ En+2 ∪ En+2.(26)
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Of course, the 4 exceptional divisors in (26) are disjoint. Since we are eliminating the base
locus of |Wm| which intersects E1∪E1, we ignore the curve part of (26). For another generator
Y , we have
(27) Y = S+1 +
∑
2≤i≤n+1
(l+i S
+
i + l
−
i S
−
i ) + S
−
n+2 + 2(E2 +En+2),
where the last term is a consequence of the fact that Y contains the curves C2 and Cn+2 by
multiplicity (m+ 1) which exceeds (m− 1) by two. By conjugation, we have
(28) Y = S−1 +
∑
2≤i≤n+1
(l+i S
−
i + l
−
i S
+
i ) + S
+
n+2 + 2(E2 +En+2).
We are determining the intersection (E2 ∪E2 ∪En+2 ∪En+2)∩ Y ∩ Y . Since E2 ⊂ Y , we have
E2 ∩ Y ∩ Y = E2 ∩ Y . Further, we have E2 ∩ E2 = E2 ∩ En+2 = ∅, and also E2 ∩ S
+
i = ∅ if
3 ≤ i ≤ n + 2 (since C2 ∩ S
+
i = ∅ on Z for these i). On the other hand, E2 ∩ S
+
2 is a curve
since C2 intersects S
+
2 transversally at a point on Z (and on Z1). But since this curve is clearly
disjoint from E1, we ignore. Furthermore, E2 ∩ S
−
i is a curve intersecting E1 transversally at
a point, for 2 ≤ i ≤ n + 2. Also, E2 ∩ S
−
1 = ∅ since C2 and S
−
1 are made apart by the first
blow-up µ1. Thus we obtain that, among components of E2 ∩ Y ∩ Y , only the curves S
−
i ∩E2,
2 ≤ i ≤ n + 1 intersect F1 (for i satisfying l
+
i > 0, of course). By a similar consideration, we
deduce that the irreducible components of En+2∩Y ∩Y which intersects E1 are precisely given
by S−i ∩ En+2 where i satisfies 2 ≤ i ≤ n+ 1 and l
−
i > 0. Thus we have obtained that, on Z2,
the components of Bs |Wm| which intersect E1 are explicitly given by
(29)
{
E2 ∩ S
−
i | 1 < i < n+ 2, l
+
i > 0
} ⋃ {
En+2 ∩ S
−
i | 1 < i < n+ 2, l
−
i > 0
}
All these are clearly smooth rational curves, intersecting E1 transversally at a point respectively.
Members of the system |Vm| on Z2 contain all these curves by multiplicity one, since the
coefficients of E2 and En+2 in (25) are one. On the other hand, the divisor Y on Z2 contains
the curve E2 ∩ S
−
i by multiplicity two (because of the coefficient of E2 in (27)) and the curve
En+2∩S
−
i by multiplicity l
−
i (because of the coefficient of S
−
i in (27)). Similarly, the divisor Y
on Z2 contains the curve E2∩S
−
i by multiplicity l
+
i and the curve En+2∩S
−
i by multiplicity two.
Thus we have obtained the base locus of the system |Wm| on Z2 intersecting the divisor E1, and
also multiplicities of the generators along the base curves. By considering the conjugations, we
obtain the base locus of the system |Wm| on Z2 which intersects the conjugate divisor E1 as
well as the multiplicities of generators, in a concrete form.
As the third step for the elimination of the base locus, let µ3 : Z3 → Z2 be the blowing-
up along the curves (29) and their conjugations, and Fi the exceptional divisor over the curve
E2∩S
−
i or En+2∩S
−
i appearing in (29). (Note that for each i, at most one of l
+
i > 0 and l
−
i > 0
holds. Hence this definition makes sense.) Then by the above consideration of the multiplicities,
the fixed components of µ∗3|Wm| is the sum of all exceptional divisors Fi and F i of µ3, where
their multiplicities are exactly one for every these divisors. So as the transformation of the
system |Wm| into Z3, we consider the system whose members are the total transforms of the
members of |Wm| with the divisor
∑
(Fi + F i) removed, where i runs satisfying li > 0. We
again denote |Wm| for this linear system on Z3.
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By computations similar to those on Z1 and Z2 above, we deduce that, on Z3, the components
of Bs |Wm| which intersect E1 are given by(⋃
i
Fi ∩ E2
)
∪
(⋃
i
Fi ∩ En+2
)
(30)
where i runs satisfying l+i ≥ 2 in the first union and l
−
i ≥ 2 in the second union. Further, the
divisor Y (on Z3) contain the curves Fi ∩ En+2 and Fi ∩ E2 by multiplicities (l
−
i − 1) and 1
respectively. The member Y contains these curves by multiplicities 1 and (l+i − 1) respectively.
On the other hand, members of |Vm| (on Z3) contains these curves by multiplicity one.
In particular, if li = 1 for any 1 ≤ i ≤ n + 2 (which is actually the case for some Joyce
metrics and some appropriate subgroup G1; see §5.3), (30) is empty set and we conclude that
the linear system |Wm| on Z3 is base point free, at least in a neighborhood of E1∪E1. If li > 1
for some 1 < i < n + 2, we take further blowing-up µ4 : Z4 → Z3 along the curves (30) and
their conjugations. Let F ′i and F
′
i be the exceptional divisors over ‘Fi ∩ En+2 or Fi ∩ E2’ and
‘F i ∩ En+2 or F i ∩E2’ respectively. (As before, precisely one of Fi ∩En+2 6= ∅ or Fi ∩E2 6= ∅
occurs.) We take µ∗4|Wm| and subtract its fixed components
∑
(F ′i+F
′
i), where i runs satisfying
li > 2. Then the base locus of the resulting linear system on Z4 intersecting E1 is given by the
union of rational curves F ′i ∩En+2 and F
′
i ∩E2 where i satisfies li > 2 this time. In particular,
if li ≤ 2 for all i, the linear system on Z4 is base point free, at least in a neighborhood of
E1 ∪ E1. If li > 2 for some i, we need further blowing-up along F ′i ∩ E2 and F
′
i ∩ En+2 where
i satisfies li > 2.
Since the multiplicities along the base curves decrease by one for each blowing-ups as before,
this blowing-up process stops in a finite number of times. (Namely, if M := max{li | 1 ≤ i ≤
n + 2}, the linear system on ZM+2 becomes base point free in a neighborhood of E1 ∪ E1.)
Consequently, the base locus of the linear system |Wm| on Z is removed by this process, at least
in a neighborhood of C1∪C1. Note that these blowing-ups are explicitly and uniquely specified.
Let Z˜ (= ZM+2 in the above notation) be the resulting manifold. Since all the centers of the
blow-ups are G-invariant, Z˜ has a natural G-action. We denote by |W˜m| for the linear system
on Z˜ corresponding to the system |Wm| on Z. Then the meromorphic map associated to the
system |W˜m| is precisely the composition of the sequence of blowing-ups Z˜ → · · · → Z1 → Z
and ΦG1m : Z → T . Of course, this meromorphic map is a morphism in a neighborhood of
E1 ∪ E1. We note that our blow-ups also eliminate all the base curves that are contained in
the 4 divisors E2, En+2, E2 and En+2. Therefore, identifying the curves Ci and Ci in Z with
their strict transforms into Z˜ for 3 ≤ i ≤ n+ 1, we have
(31) Bs |W˜m| ⊂
⋃
3≤i≤n+1
(Ci ∪ Ci).
The restriction of the meromorphic map Z˜ → T onto E1 (and E1) is a birational morphism
(since the composition Z1 → Z → T is already birational on E1). Since E1 (and E1) is a
smooth surface, this restriction is a resolution of the minitwistor space T . Although E1 is
not a minimal surface, the restriction can be seen to be a minimal resolution of T . In fact,
the restriction of the blowing-up µ2 : Z2 → Z1 resolves the conjugate pair of singularities
P∞ and P∞ ((a) in Proposition 2.14). The remaining blowing-ups Z˜ → · · · · · · → Z2 resolve
the remaining real Ali−1-singularities ((b) of Proposition 2.14), which has to be minimal since
by our choice, precisely (li − 1) rational curves are inserted through our blow-ups, for each
i satisfying li ≥ 2. Thus, if T˜ → T denotes the minimal resolution of T , we obtain the
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following commutative diagram of the meromorphic maps
(32)
Z˜ −−−−→ Z
Φ˜
G1
m
y yΦG1m
T˜ −−−−→ T
where the horizontal arrows are the above sequence of blowing-ups and the minimal resolution
respectively, and the map Φ˜G1m is a meromorphic map which is uniquely determined by the
commutativity of the diagram. Since the restrictions of the composition Z˜ → Z → T onto E1
and E1 induce the resolution of T as above, the map Φ˜
G1
m also has no indeterminacy locus in
a neighborhood of E1 ∪ E1.
On the other hand, as for the normal bundle of E1 in Z˜, we note that at first its normal
bundle in Z1 is isomorphic to O(l + 1,−1), where l = (C1)
2
S as before, and O(0, 1) is a fiber
class of the projection E1 → C1. Then since all blowing-ups for obtaining Z˜ are performed
along curves which intersect E1 ∪ E1 at points, we have
(33) NE1/Z˜ ≃ ν
∗
O(l + 1,−1),
where ν is the restriction of the composition of blowing-ups Z˜ → · · · → Z2 → Z1 onto E1.
3.2. Projective models of the twistor spaces of Joyce metrics as conic bundles. We
recall that the sequence of blowing-ups Z˜ → · · · → Z1 → Z given in the previous subsection is
a partial elimination of the indeterminacy locus of the meromorphic map ΦG1m associated to the
system |Wm| on the twistor space Z, and we are writing |W˜m| to mean the linear system on Z˜
corresponding to the original system |Wm| on Z. By (31), the indeterminacy locus of the map
Φ˜G1m : Z˜ → T˜ is contained in ∪3≤i≤n+1(Ci ∪Ci), where we are viewing these curves as those in
Z˜ as before. Let Z˜ ′ → Z˜ be the composition of a sequence of blowing-ups which eliminates all
these indeterminacy locus. We may suppose that the exceptional divisors of these blow-ups are
over the curves Ci and Ci with 3 ≤ i ≤ n+1. In particular, they are disjoint from the divisors
E1 and E1. Further we can also suppose that all centers of the blow-ups are G1-invariant.
Then Z˜ ′ → Z˜ is biholomorphic in a neighborhood of E1 ∪ E1. Thus by taking a composition
with Z˜ → T˜ , we obtain a holomorphic map
(34) Φ˜′ : Z˜ ′ → T˜ ,
which is bimeromorphic to the original meromorphic map ΦG1m : Z → T .
In order to obtain a projective model of the twistor space Z as a conic bundle over the
resolved minitwistor space T˜ , we consider the short exact sequence
0 −→ OZ˜′ −→ OZ˜′(E1 + E1) −→ NE1/Z˜′ ⊕NE1/Z˜′ −→ 0.(35)
Since any fiber of Φ˜′ is at worst a string of rational curves whose end components intersect E1
and E1 respectively, a direct image sheaf satisfies R
1Φ˜′∗OZ˜′ = 0. Hence by taking the direct
image of the sequence (35) and recalling that E1 and E1 are sections of Φ˜
′, we obtain the short
exact sequence
0 −→ O
T˜
−→ Φ˜′∗OZ˜′(E1 + E1) −→ NE1/Z˜′ ⊕NE1/Z˜′ −→ 0,(36)
where we regard NE1/Z˜′ andNE1/Z˜′ as line bundles over T˜ by using the isomorphisms Φ˜
′|E1 and
Φ˜′|E1 . Since Z˜
′ and Z˜ are isomorphic in a neighborhood of E1 ∪ E1, we have NE1/Z˜′ ≃ NE1/Z˜
and NE1/Z˜′ ≃ NE1/Z˜ . The same is true for the normal bundle of E1. Therefore by (33) we
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have H1(NE1/Z˜′) = H
1(NE1/Z˜′) = 0 as a consequence of the fact that the second entry of (33)
is −1. This means that the sequence (36) splits. Hence we obtain
Φ˜′∗O(E1 + E1) ≃ NE1/Z˜′ ⊕NE1/Z˜′ ⊕ OT˜ .(37)
Let
(38) µ : Z˜ ′ −→ P(N∨
E1/Z˜′
⊕N∨
E1/Z˜′
⊕O
T˜
)
be the relative meromorphic map over T˜ associated to the pair of the morphism Φ˜′ and the
line bundle O(E1 + E1). Since the restriction of O(E1 + E1) to smooth fibers are isomorphic
to O(2), the map µ is a bimeromorphic map whose image is a conic bundle in the CP2-bundle
of (38). We denote this conic bundle by p : X → T˜ . The discriminant locus of p is a member
of the linear system |N∨
E1/Z˜′
⊗ N∨
E1/Z˜′
|. Let p˜im : T˜ → Λm be the composition morphism of
the minimal resolution T˜ → T and pim : T → Λm. p˜im factors as T˜ → Tˆ → Λm, where
Tˆ → Λm is the composition Tˆ → T → Λm. Since Tˆ → Λm has reducible fibers precisely over
(1, λi, · · · , λ
m
i ) ∈ Λm with li > 0 by Proposition 2.12, and since T˜ → Tˆ gives the minimal
resolution of the Ali−1-singularities of Tˆ , p˜im has reducible fibers precisely over the same points
and they consist of 2 + (li − 1) = (li + 1) rational curves.
Proposition 3.1. Let p : X → T˜ be the conic bundle whose total space is a bimeromorphic
projective model of the twistor space of a Joyce metric as above. Then its discriminant locus
consists of the following. (a) The two distinguished sections Γ and Γ of the morphism p˜im :
T˜ → Λm (cf. §2). (b) The reducible fibers p˜i
−1
m (1, λi, λ
2
i , · · · , λ
m
i ), where i satisfies 1 < i < n+2
and li > 0. (c) The irreducible fibers p˜i
−1
m (1, λi, λ
2
i , · · · , λ
m
i ) where i satisfies 1 < i < n+ 2 and
li = 0.
We note the proposition means that the two reducible fibers over the points (1, 0, 0, · · · , 0)
and (0, 0, · · · , 0, 1) ∈ Λm corresponding to S
+
1 + S
−
1 and S
+
n+2 + S
−
n+2 are not discriminant
curves.
Proof of Proposition 3.1. Since the morphism Φ˜′ : Z˜ ′ → T˜ cannot have 2-dimensional fibers
along some curve on T˜ , Φ˜′ is flat outside at most finite number of points on T˜ . Hence the
restriction of µ onto a fiber (Φ˜′)−1(y) is precisely the meromorphic map associated to the linear
system |O(E1 + E1)|(Φ˜′)−1(y)|, except at most finite number of points y ∈ T˜ . In particular, if
a divisor E on Z˜ ′ is an irreducible component of a divisor (Φ˜′)−1(D) for some curve D ⊂ T˜ ,
and if Φ˜′(E) = D, then µ(E) remains a divisor on X. In the following argument, we frequently
use this fact.
By our choice of the blow-up sequence Z˜ → · · · → Z1 → Z, either Φ˜
G1
m (E2) = Φ˜
G1
m (En+2) = Γ
or Φ˜G1m (E2) = Φ˜
G1
m (En+2) = Γ holds. By a possible renaming for Γ and Γ, we can suppose
the former holds. Then Φ˜′(E2) = Φ˜
′(En+2) = Γ holds. Further, Φ˜
′ gives isomorphism between
E2 ∩ E1 (⊂ Z˜
′) and Γ. Hence by the above proven facts, the image µ(E2) remains a divisor
on X satisfying p(µ(E2)) = Γ. Similarly, since Φ˜
′ gives an isomorphism En+2 ∩ E1 ≃ Γ, the
image µ(En+2) remains a divisor satisfying p(µ(E2)) = Γ. These mean µ(E2 ∪En+2) = p
−1(Γ)
and that µ(E1) and µ(En+2) are line subbundles of p over Γ. Hence Γ, and therefore also Γ by
reality, are discriminant curves of p.
Next suppose that i satisfies 1 < i < n + 2 and li = 1. Then by Proposition 2.12, the fiber
p˜i−1m (1, λi, λ
2
i , · · · , λ
m
i ) consists of two irreducible components. Let fi and f i be its irreducible
components. As in the previous subsection let Fi and F i ⊂ Z˜
′ be the exceptional divisors
appeared when we took the blow-up Z3 → Z2. Then again by our choice of the blow-up
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sequence, either Φ˜′(S−i ) = Φ˜
′(F i) = fi or Φ˜
′(S−i ) = Φ˜
′(F i) = f i holds. By possible renaming,
we can suppose that the former holds. Then since Φ˜′ gives isomorphisms S−i ∩ E1 ≃ fi and
F i ∩E1 ≃ fi, we deduce (again by using the above facts) that the image µ(S
−
i ) and µ(F i) are
(mutually distinct) line subbundles of p over fi. These mean µ(S
−
i ∪ F i) = p
−1(fi). Hence fi,
and therefore also f i by reality, are discriminant curves of p.
Next suppose that i satisfies 1 < i < n+ 2 and li > 1. Then the fiber p˜i
−1
m (1, λi, λ
2
i , · · · , λ
m
i )
is a chain of (li + 1) rational curves. Recall that the two end components intersect Γ and
Γ respectively, and that the other intermediate components are the exceptional curves of the
minimal resolution of Ali−1-singularity of the original minitwistor space T . Again by our way
of blowing-ups, the images Φ˜′(S−i ) and Φ˜
′(F i) are same end component of the chain. Also
S−i ∩ E1 and F i ∩ E1 are mapped by Φ˜
′ isomorphically onto this end component. Hence we
deduce that this end component of the chain is actually a discriminant curve of p. By reality,
the other (conjugate) end component is also a discriminant curve of p. On the other hand,
all the remaining intermediate components of the chain are the images of the two exceptional
divisors appearing when we performed the blowing-up Z˜ → · · · → Z4 → Z3 in the previous
subsection, and all of them intersect E1 or E1. These mean that the intermediate components of
the chain are also discriminant curves. Thus we obtain that all curves in (b) in the proposition
are discriminant curves.
Next suppose that i satisfies 1 < i < n+ 2 and li = 0. Then the fiber pi
−1
m (1, λi, λ
2
i , · · · , λ
m
i )
is irreducible by Proposition 2.12 and is exactly ΦG1m (Li) by the proof of Proposition 2.13.
Obviously we have Φ˜′(Li) = Φ
G1
m (Li) by T˜ → T . Again since Φ˜
′ gives isomorphisms S+i ∩
E1 ≃ Φ˜
′(Li) and S
−
i ∩ E1 ≃ Φ˜
′(Li), the images µ(S
+
i ) and µ(S
−
i ) are mutually different line
subbundles of p over the fiber Φ˜′(Li). These mean that the irreducible fiber in the item (c) is
also a discriminant curve.
To complete a proof, it remains to show that there exists no discriminant curve other than
those in (a), (b) and (c). Let D be such an irreducible curve. Then since the conic bundle map
Y → T˜ is G-equivariant, D must be G-invariant. Therefore D is an irreducible component of
a fiber of the projection p˜im : T˜ → Λm. Suppose that this fiber is irreducible. Then the inverse
image p−1(D) consists of two irreducible components (since p is a conic bundle). Consider the
strict transforms of these two divisors into the original twistor space Z. Then since D is a
fiber of T˜ → Λm, the sum of these two transforms is a member of the pencil |F |
G. Since we
are supposing that D is not in the item (b) and (c), this means that there exists a reducible
member of the pencil |F |G other than S+i +S
−
i , 1 ≤ i ≤ n+2. Such a divisor does not exist and
hence we deduce that D cannot be a reducible fiber. Suppose finally that D is contained in a
reducible fiber of T˜ → Λm. Then by assumption that D is not (b) nor (c), the reducible fiber
must be over the point (1, 0, 0, · · · , 0) or (0, 0, · · · , 0, 1) ∈ Λm. Since l1 = ln+2 = 1, these fibers
consist of two irreducible components. We consider the reducible fiber over (1, 0, 0, · · · , 0).
Then the divisor S+1 and S
−
1 in Z˜
′ are mapped surjectively to mutually different irreducible
components of this fiber by the morphism Z˜ ′ → T˜ since it is true for the meromorphic map
Z → T . By our choice of the blowing-ups, both S+1 and S
−
1 intersect E1 and E1 along curves
which are mapped biholomorphically to the irreducible components of the fiber. This means
that the restriction of µ : Z˜ ′ → X to S+1 and S
−
1 are birational and the images are exactly the
inverse images of the irreducible components under the map X → T˜ . Hence the fiber over
(1, 0, · · · , 0) cannot be discriminant curves of µ. The same is also true for the fiber over the
point (0, 0, · · · , 0, 1) as one can see by replacing S+1 and S
−
1 by S
+
n+2 and S
−
n+2 respectively in
the above argument. 
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As is already mentioned, the discriminant locus of the conic bundle p : X → T˜ is a member
of the system |N∨
E1/Z˜′
⊗ N∨
E1/Z˜′
|, where the line bundles N∨
E1/Z˜′
and N∨
E1/Z˜′
can be explicitly
described thanks to (33). However, a computation shows that the sum of all discriminant curves
obtained in Proposition 3.1 is not a member of the system in general; usually the subtraction
of the sum from the system has an effective member. This means that the discriminant curves
are non-reduced in general.
4. Equivariant deformations of the twistor spaces of Joyce metrics
4.1. In this subsection we investigate deformations of the twistor spaces of Joyce metrics which
preserve a G1-action, where G1 is a prescribed C
∗-subgroup of G as in Sections 2 and 3. We
will give a sufficient condition for the subgroup G1 for which the twistor space admits a G1-
equivariant but non G-equivariant deformation. Since such deformations are well understood
for G1 acting semi-freely (on LeBrun twistor spaces) ([16, 17]), we suppose that G1 does not
act semi-freely. (But we do not suppose that the twistor spaces are not LeBrun’s one.)
As in the previous sections, Z denotes the twistor space of a Joyce metric on nCP2, and
C denotes the cycle of 2(n + 2) rational curves which is the unique G-invariant anticanonical
curve of a smooth member S of the pencil |F |G. To state our result precisely, we introduce the
following.
Definition 4.1. Let S and C be as above, and Gi the C
∗-subgroup of G which fixes Ci and Ci.
An irreducible component Cj (or equivalently, Cj) (j 6= i) is said to be regular with respect to
Gi if the isotropy subgroup of Gi-action on Cj is the identity only. We say that the component
is irregular with respect to Gi if it is not regular.
We simply say that a component Cj (or equivalently Cj) is regular if the subgroup Gi or the
component Ci is obvious from the context.
In the following, we again adopt the numbering for the irreducible components of C for
which the chosen component is C1, so that the C
∗-subgroup of G is G1. If still denoting the
two reducible fibers of the G1-quotient map S → CP
1 (of (2)) by f and f and writing them
as in (3), then ki ∈ Z>0 coincides with the order of the isotropy subgroup of G1-action on Ci.
Hence Ci is regular (with respect to G1) iff ki = 1. Therefore the two components C2 and Cn+2
are always regular. If we realize the toric surface S as a succession of G-equivariant blow-ups
of CP1 ×CP1 preserving the real structure and satisfying the condition that the component
C1 (and hence C1 also) is not an exceptional curve, then irregular components appears only
when we blow-up an isolated fixed point of G1-action. In other words, the exceptional curve of
a blow-up becomes regular only when the blown-up point is on C1∪C1. Since we are supposing
non semi-freeness for G1, there always exists an irregular component Cj , 3 ≤ j ≤ n+ 1.
Next by using this regularity, we define two integers r and s for an arbitrary pair (Z,G1).
As noted above, the two components C2 and Cn+2 are regular. Let r be the maximum integer
satisfying the condition that Cj is regular for all 2 ≤ j ≤ r. Let s be the minimum integer
satisfying the condition that Cj is regular for all s ≤ j ≤ n + 2. Since we have supposed
non semi-freeness for G1, we have (2 ≤) r < s (≤ n + 2). The unions C2 ∪ C3 ∪ · · · ∪ Cr
and Cs ∪ · · · ∪ Cn+2 are connected components of the union of all regular components, which
intersect C1 and C1 respectively. The two integers r and s are uniquely determined once the
component C1 is given, and easily computable since the weights ki are easily computable. (We
note that in general, there can exist a regular component Cj satisfying r < j < s.)
The following result gives a sufficient condition for the subgroup G1 to have a G1-equivariant
but non-G-equivariant deformation of Z. We recall that we have explicitly constructed the
minitwistor space T that can be regarded as a quotient space of the G1-action (Definition 2.9).
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Theorem 4.2. Let Z be the twistor space of an arbitrary Joyce metric on nCP2. Let C1 ⊂ C
be any irreducible component of C. Suppose that the isotropy subgroup G1 of C1 acts non semi-
freely, so that n ≥ 2. Let T be the minitwistor space of Z with respect to G1. Then if the two
integers r and s defined above satisfy an inequality
(39) n+ r − s > 0,
then Z can be G1-equivariantly deformed into a twistor space Zb satisfying the following. (a)
Zb does not admit an effective G-action. (b) The linear system |mF |
G1 on Zb remains (m+2)-
dimensional, and the image of the associated map is still T .
We note that since 2 ≤ r < s ≤ n + 2, we always have n + r − s ≥ 0. We also note
that the inequality (39) is a condition for the diffeomorphism type of U(1)-action on nCP2
corresponding to G1-action. That is, if K1 (≃ U(1)) is the subgroup of K corresponding to G1,
(n + r − s + 2) is the number of K-invariant spheres in nCP2 which are acted by weight one
by K1 and which are joined to the K1-fixed sphere through the spheres.
We prove Theorem 4.2 in the following manner.
1◦ We show that, under the condition (39), we explicitly construct a G1-equivariant de-
formation of the toric surface S ∈ |F |G which breaks the structure of toric surface, and
for which the components C1 and C1 survive.
2◦ We consider deformations of the pair (Z,S) and apply an equivariant version of a the-
orem of E.Horikawa [12] to conclude that there exists a G1-equivariant deformation of
the pair such that, if restricted to S, the deformation coincides with the G1-equivariant
deformation constructed in (1). By looking the structure of the non-toric surface, we
see that the deformed twistor space cannot admit an effective G-action.
3◦ Let m be the integer in Definition 2.2, so that the linear system |Wm| on the twistor
space Z (of a Joyce metric) induces a meromorphic quotient map ΦG1m : Z → T ⊂
CPm+2. By a similar argument we employed to Z, we show that the system |mF |G1 on
the deformed twistor space is still (m + 2)-dimensional whose image of the associated
map is a complex surface whose defining equation is the same as the original minitwistor
space.
Proof of Theorem 4.2. 1◦ By definition of the integers r and s, a component Cj is regular with
respect toG1 as long as 2 ≤ j ≤ r and s ≤ j ≤ n+2. So we have (r−1)+(n−s+3) = (n+r−s+2)
regular components at least. By (39), we have n+ r− s+2 > 2. This means that either C3 or
Cn+1 is a regular component at least.
Suppose that C3 is a regular component (so that r ≥ 3). We show that C2, C3, · · · , Cr−1
can be successively blown-down in S in this order. For this, we fix any sequence of blowing-
downs of S to a minimal surface which does not contract C1 nor C1 and view the sequence
as a sequence of blowing-ups. Then an irreducible component Cj (j 6= 1) is regular iff it is
the exceptional curve of a blowing-up at C1 or C1, or it is not contracted by the sequence of
blowing downs. If C3 is contracted to a point by these blowing-downs, since C3 is supposed to
be regular and there exists irregular component Ck satisfying k > 3 by assumption, C3 is an
exceptional curve which arises when we blow-up a G-fixed point of C1. This means C
2
2 = −1.
If C3 is not contracted to a point by these blowing-downs, C
2
2 = −1 holds obviously. Hence we
obtain C22 = −1 (if C3 is a regular component). So we blow-down C2. Then C3 is of course
still regular, intersecting C1. If C4 is also a regular component (i.e. if r ≥ 4), we employ the
same argument by replacing C2 and C3 by C3 and C4 respectively. Consequently we obtain
C23 = −1 on the blown-down surface. So we can blow-down C3. Repeating this argument,
we conclude that C2, C3, · · · , Cr−1 can be successively blown-down in this order. By reality,
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the same is true for C2, C3, · · · , Cr−1. The same argument shows that if Cn+1 is a regular
component (so that s ≤ n+1), then Cn+2, Cn+1, · · · , Cs+1 and also Cn+2, Cn+1, · · · , Cs+1 can
be successively blown-down in this order. Summing all these up, we can successively blow-down
2(n + r − s) components. Let S → S be this blowing-down contracting 2(n + r − s) curves.
The surface S is uniquely determined from the toric surface S and the subgroup G1. (The
condition (39) guarantees that S → S is a non-trivial map.) The curves C2, C3, · · · , Cr−1 are
contracted to a G-fixed point of C1, and Cn+2, Cn+1, · · · , Cs+1 are mapped to another G-fixed
point on C1. Similarly, the curves C2, C3, · · · , Cr−1 are contracted to a G-fixed point of C1,
and Cn+2, Cn+1, · · · , Cs+1 are contracted to another G-fixed point on C1.
Next by using this blowing-down S → S we concretely construct a G1-equivariant defor-
mation of the surface S. For this purpose, put B := C
×(n+r−s)
1 × C
×(n+r−s)
1 and consider
a direct product S × B. We view this as a trivial deformation of S. This trivial S-bundle
has a natural (product) G-action, since S is a toric surface and C1 and C1 are G-invariant.
The subgroup G1 acts trivially on the base space B. Further, this bundle has a tautological
multi-section (which is generically 2(n + r − s) to 1) determined from the inclusions C1 ⊂ S
and C1 ⊂ S. Let S → S × B be the blowing-up along this multi-section and p : S → B
the composition of S → S × B and S × B → B. Since the multi-section is G-invariant,
p : S → B has a natural G-action, where G1 acts trivially on B. If P,Q ∈ C1 ⊂ S are the
images of C2 ∪ · · · ∪ Cr−1 and Cn+2 ∪ · · · ∪ Cs+1 under the blowing-down S → S respectively,
the point b0 := (P, · · · , P,Q, · · · , Q;P , · · · , P ,Q, · · · , Q) ∈ B satisfies p
−1(b0) ≃ S. Thus p is
a G1-equivariant deformation of S. This is the required deformation. Since the G1-quotient
map S → CP1 has at least 2 reducible fibers, the G1-quotient map Sb → CP
1 has at least 4
reducible fibers for general b ∈ B. Hence Sb is not a toric surface for general b ∈ B. We also
note that since Ci and Ci are not contracted by S → S for i = 1 and r ≤ i ≤ s, these curves
still make sense on Sb for any b ∈ B. Then it can be readily verified that the curve
(40) C1 +
∑
r≤i≤s
Ci + C1 +
∑
r≤i≤s
Ci
is an anticanonical curve on Sb for general b ∈ B, forming the cycle (like C in S).
2◦ Now since the the twistor space Z is Moishezon, we have the H2(Z,ΘZ ⊗O(−S)) = 0 ([2,
Lemma 1.9]). Then by a theorem of Horikawa [12], this implies so called the co-stability of S;
namely for any deformation q : S → T of S = q−1(t0) with t0 ∈ T , there exist a deformation
q˜ : Z → T ′ ⊂ T with T ′ open containing t0 with q˜
−1(t0) ≃ Z, and an inclusion i : S ⊂ Z over
T ′, which satisfy q = q˜ ◦ i. Applying this to the present deformation p : S → B, we obtain
a deformation p˜ : Z → B′ ⊂ B with B′ open containing b0 with p˜−1(b0) ≃ Z, as well as an
inclusion i : S ⊂ Z over B′ satisfying p = p˜ ◦ i. Further, since (Z,S) admits G1-action and
p is a G1-equivariant deformation, p˜ can be supposed to be a G1-equivariant deformation of
Z. If we restrict p˜ to a real locus (B′)σ of B′ (which is necessarily a smooth submanifold of
the half-dimension of B′), we obtain a deformation of Z which preserves G1-action, the surface
S and the real structure. Further, since any small deformation of a compact twistor space
remains a twistor space, we can suppose that all fibers over (B′)σ are twistor spaces, after
possible shrinking of (B′)σ .
Take a point b ∈ (B′)σ such that Sb is not a toric surface. Then Zb = p˜
−1(b) is a twistor
space equipped with a G1-action and a G1-invariant surface Sb = p
−1(b) ⊂ Zb. Since the Picard
group of the twistor spaces is isomorphic to the (integral) second cohomology group, Sb is still a
member of |F | on Zb. We show that Zb does not admit an effective G-action. If Zb admits such
an action, Zb must be a LeBrun twistor spaces since any smooth member of |F | in non-LeBrun
twistor spaces of Joyce metrics is a toric surface. Assume that the original space Z is not a
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LeBrun twistor space. Then since there exists no component Ci of C satisfying (Ci)
2
S = −n,
the same must be true for Sb about the cycle (40). On the other hand, for any LeBrun twistor
spaces, any anticanonical curve of a smooth member of |F | has an irreducible component Ci
satisfying C2i = −n. (It is concretely given by the irreducible component of Bs |F |.) This is
a contradiction and hence Zb does not admit an effective G-action. Next assume that Z is a
LeBrun twistor space. Then we can verify that among (n+1) subgroups acting non semi-freely,
there exist precisely two subgroups satisfying the condition (39) (cf. §5.2). Applying the above
construction for these subgroups to S ∈ |F |, we obtain a non-toric surface Sb. It can be seen
that the cycle has no (−n)-component (though (−n + 1)-component exists). This is again a
contradiction and we conclude that Zb does not admit an effective G-action.
3◦ Let m be the integer in Definition 2.2 applied to (S,G1). As is already proved, the system
|Wm| on Z induces the surjective meromorphic map Φ
G1
m : Z → T which can be regarded as a
quotient map of the G1-action on Z. Now using the explicit structure of the surface Sb ∈ |F | on
Zb, we show that the system |mF | on Zb still has (m+2)-dimensional subsystem which induces
a meromorphic map that can yet be regarded as a quotient map for the G1-action on Zb. To
see this, as before, let f and f be the reducible fibers (3) of the G1-quotient map S → CP
1
for the toric surface. As is already noted, the curves Cj and Cj naturally make sense on Sb as
long as j = 1 or r ≤ j ≤ s. We consider the quotient morphism Sb → CP
1 for the G1-action
on Sb. This has distinguished two reducible fibers which correspond to the two reducible fibers
f and f of S → CP1. We write them fb and f b respectively. We can show that
(41) fb =
∑
r≤i≤s
kiCi
hold, by using the fact that the cohomology class [fb] of fibers of the quotient map Sb → CP
1
is characterized by the property that and fb ·C1 = 1 and fb ·D = 0 , where D is any irreducible
components of arbitrary fibers of Sb → CP
1. Since this is a claim for the rational surface whose
structure is explicitly given, and since the computations is long, we omit the details here.
Next by using (41) we find a divisor Yb ∈ |mF | on Zb which is again a sum of degree one
divisors. As in the case of the twistor space of a Joyce metric, let Li ⊂ Zb be the twistor line
which goes through the intersection point C1 ∩ Cr for the case i = 1, Ci ∩ Ci+1 for the case
r ≤ i < s, and Cs∩C1 for the case i = s. All these twistor lines are G1-invariant. Then by [15,
Proposition 3.7], there exists a set of 2(s−r+2) degree one divisors {S+i , S
−
i | i = 1 or r ≤ i ≤ s}
on Zb satisfying S
+
i = S
−
i and S
+
i ∩ S
−
i = Li for each i. Since the restriction (S
+
i + S
−
i )|Sb
is necessarily an anticanonical curve (40) and since S+i and S
−
i are mutually conjugate, the
restrictions S+i |Sb and S
−
i |Sb are precisely two connected halves of the cycle (40) divided by
the twistor line Li. We again make a distinction between S
+
i and S
−
i by imposing that S
+
i
contains the component C1. Also we still write C for the cycle (40) on Zb.
Now we consider the two curves mC + fb− f b and mC − fb+ f b on Sb. Since fb is explicitly
given by (41) and the coefficients ki are exactly the same as those for the reducible fiber f on
the toric surface S, the two curves mC+ fb− f b and mC− fb+ f b are effective curves (because
this is true for the curves mC+ f − f and mC− f + f). Since fb and f b are linearly equivalent
on Sb, we have mC + fb− f b ∈ |mK
−1
Sb
| and mC − fb+ f b ∈ |mK
−1
Sb
|. Further, by (41) we have
(42) mC + fb − f b = mC1 +
∑
r≤i≤s
(m+ ki)Ci +mC1 +
∑
r≤i≤s
(m− ki)Ci.
Next we apply Procedure (A) to the sequence (kr, kr+1, · · · , ks). This sequence is of course a
part of the sequence (k2, k3, · · · , kn+2) for the case of the original twistor space Z of a Joyce
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metric. Further, since k2 = · · · = kr = 1 and ks = ks+1 = · · · = kn+2 = 1, the number
m defined in Definition 2.2 are exactly the same for the sequence (k2, k3, · · · , kn+2) and the
subsequence (kr, kr+1, · · · , ks). Furthermore, the two indices i = il and j = jl in the step (1)
of the l-th (1 ≤ l ≤ m) application of Procedure (A) are also exactly the same for these two
sequences, with only exception in the case l = m (i.e. the final application) in that im = r and
jm = s for the subsequence. Then just as before we define the divisor on Zb by
(43) Yb =
∑
1≤l≤m
(S+il−1 + S
−
jl
).
Thus at least formally the divisor Yb is obtained from the divisor Y of (9) on Z by just replacing
S−n+2 by S
−
s . Then by the same computation in the proof of Proposition 2.5, by using (42) we
obtain Yb|Sb = mC + fb− f b. Since mC + fb− f b ∈ |mK
−1
Sb
|, we obtain Yb ∈ |mF | by the same
reason for Y ∈ |mF | on Z. Hence we also have Y b ∈ |mF |.
As in the case of Joyce metrics, let Vm ⊂ H
0(Zb,mF ) be the (m + 1)-dimensional linear
subspace generated by the image of the map
(44) H0(Zb, F )×H
0(Zb, F )× · · · ×H
0(Zb, F ) −→ H
0(Zb,mF )
sending (s1, s2, · · · , sm) to s1 ⊗ s2 ⊗ · · · ⊗ sm. Let |Wm| be the linear system on Zb generated
by |Vm| and Yb and Y b. This is a (m + 2)-dimensional subsystem of |mF |. We have Wm =
H0(Zb,mF )
G1 by the same reason for Proposition 2.11. As in the final part of the proof of
Proposition 2.10, we investigate the meromorphic map associated to this system |Wm| on Zb.
By the inclusion Vm ⊂Wm we again have the following commutative diagram of meromorphic
maps
(45) Zb
Φ
G1
m
//
Ψm

Tb
pim
}}||
|
|
|
|
|
|
Λm
where Ψm, Φ
G1
m , pim and Tb = Φ
G1
m (Zb) have the analogous meaning as those in the diagram
(19). The restriction of ΦG1m onto a fiber Sb = Ψ
−1
m (λ) is the meromorphic map associated to the
linear system on Sb obtained as the restriction of |Wm| on Sb. The latter system is generated
by Yb|Sb , Yb|Sb and mC. By the same computation of the proof of Proposition 2.4, the movable
part of this system on Sb is base point free, two-dimensional, and its induced morphism is
exactly the G1-quotient map Sb → CP
1, where CP1 is a conic embedded in CP2. Hence the
meromorphic map ΦG1m : Zb → Tb can be regarded as a G1-quotient map, and by pim, the image
Tb has a structure of a (rational) conic bundle over Λm. Furthermore, since the divisor Yb has
the same form as Y on Z, we can repeat the computation in the proof of Proposition 2.10 for
obtaining the equations (16)–(18) to deduce that the equation of Tb is still given by
(46)
zm+1zm+2 = c (u1−λ
′
1un+2)(u1−λ
′
2un+2)
l2(u1−λ
′
3un+2)
l3 · · · (u1−λ
′
n+1un+2)
ln+1(u1−λ
′
n+2un+2).
for some real numbers λ′1, · · · , λ
′
n+2 satisfying λ
′
1 < λ
′
2 < · · · < λ
′
n+2 or λ
′
1 > λ
′
2 > · · · < λ
′
n+2,
where u1, un+2, zm+1, zm+2 and lk have the same meaning as in (16)–(18). These mean that
the image surface is G1-quotient surface whose structure is the same as the minitwistor space
T for the original Z, with a possible difference of the numbers λ1 < λ2 < · · · < λn+2. 
If (Z,G1) does not satisfy the inequality (39), Theorem 4.2 does not generate a new twistor
space with G1-action. Hence the problem arises as to whether our minitwistor spaces can be
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obtained as a quotient space of a twistor space with only C∗-action. The answer is positive as
the following result shows.
Theorem 4.3. Suppose n ≥ 2 and let T be the minitwistor space of arbitrary Joyce metric on
nCP2 with respect to a C∗-subgroup G1 in the sense of Definition 2.9. Then for any n
′ > n
there exists a Moishezon twistor space Z ′b on n
′CP2 with C∗-action which satisfies the following.
(a) Z ′b is not isomorphic to the twistor spaces of Joyce metrics, (b) By the linear system |mF |
on Z ′b, Z
′
b is mapped onto the minitwistor space T .
In other words, the minitwistor spaces constructed in Section 2 appear not only as those
associated to the twistor spaces of Joyce metrics but also as those associated to twistor spaces
whose automorphism group is just C∗.
Proof. Let (Z,G1) be a pair of the twistor space of a Joyce metric on nCP
2 and the C∗-
subgroup whose minitwistor space is T . Let S ∈ |F |G be a smooth member, and C1 and
C1 ⊂ S the pair of rational curves fixed by G1. Let r and s be the integers appearing in
the inequality (39). Then as is already noted, we have n + r − s ≥ 0. For the given integer
n′ > n, let S′ → S be a succession of any G-equivariant blow-ups preserving the real structure
whose center is always on C1 ∪ C1, where the number of times for the blow-ups is precisely
2(n′ − n). Then the integer m′ obtained by applying Procedure (A) for (S′, G1) is the same
as m for (S,G1), since the sequence (k
′
2, k
′
3, · · · , k
′
n′+2) for S
′ is obtained from the sequence
(k2, k3, · · · , kn+2) for S by adding (n
′ − n) ones for both sides in total. In particular, if Z ′
denotes the the twistor space of a Joyce metric on n′CP2 having S′ as a member of the pencil
|F |G on Z ′, the members Y ′ and Y
′
of |Wm| (given by (9)) on Z
′ is of the same form as those of
|Wm| on Z. This means that the minitwistor space associated to the pair (Z
′, G1) is the same
as the one for the pair (Z,G1). Further, by our choice of S
′ → S, we have n′+ s− s′ = n′− n,
which is positive by assumption. Hence by applying Theorem 4.2 to (Z ′, G1) we obtain the
desired twistor space Z ′b. 
4.2. Discriminant curves as hyperplane sections of the minitwistor spaces. In this
subsection by the method we employed for the twistor spaces of Joyce metrics in §3.2, we give
projective models of the twistor spaces obtained in the previous subsection and investigate its
discriminant curves. We will show that a ‘principal part’ of the discriminant locus must be
hyperplane sections of the minitwistor spaces, with respect to our realization in CPm+2.
As in the previous section let |Wm| (= H
0(Zb,mF )
G1) be a (m+2)-dimensional linear system
on the deformed twistor space Zb. |Wm| is generated by Yb, Y b and members of |Vm|. Since
the divisors Yb on Zb and Y on Z have the same form as in (9) and (43), in a neighborhood
of C1 ∪C1, Bs |Wm| can be eliminated by the same sequence of blowing-ups we have explicitly
given in §3.1. Let Z˜b → Zb be this sequence blowing-ups. Let |W˜m| be the linear system on Z˜b
corresponding to |Wm| on Zb. Then by the same reason for the diagram (32), we obtain the
commutative diagram of meromorphic maps
(47)
Z˜b −−−−→ Zb
Φ˜
G1
m
y yΦG1m
T˜b −−−−→ Tb
where T˜b → Tb is the minimal resolution of all singularities of Tb, and Φ˜
G1
m is the meromorphic
map determined by the commutativity of the diagram. Let p˜im : T˜b → Λm still denotes the
composition of the minimal resolution T˜b → Tb and pim : Tb → Λm.
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Next let Z˜ ′b → Z˜b be a sequence of G1-equivariant blowing-ups which eliminates Bs |Wm| on
Z˜b. We can suppose that the center of the blow-ups are disjoint from E1 ∪ E1, where E1 and
E1 are the exceptional divisors of the first blow-ups at C1 and C1 as before. Then we obtain a
holomorphic map Φ˜′b : Z˜
′
b → T˜b as the composition Z˜
′
b → Z˜b → T˜b. Again, Φ˜
′
b is bimeromorphic
to ΦG1m : Zb → Tb. Since our explicit blowing-ups Z˜b → Zb are the same as Z˜ → Z in §3.1,
and the blow-ups Z˜ ′b → Z˜b do not touch E1 ∪E1, the expression (33) for normal bundle is still
valid for NE1/Z˜′b
. Hence analogously to (37), we obtain that the direct image sheaf satisfies
Φ˜′b∗OZ˜′
b
(E1 + E1) ≃ NE1/Z˜′b
⊕NE1/Z˜′b
⊕ O
T˜b
.(48)
As the meromorphic map associated to the pair (Φ˜′b,OZ˜′
b
(E1 + E1)) we obtain a meromorphic
map
(49) µb : Z˜
′
b −→ P(N
∨
E1/Z˜′b
⊕N∨
E1/Z˜′b
⊕ O
T˜b
)
which is again a bimeromorphic map onto a conic bundle over T˜b. We denote this conic bundle
by pb : Xb → T˜b. Xb is bimeromorphic to the twistor space Zb. In particular, Zb is Moishezon.
Proposition 4.4. Let pb : Xb → T˜b be the above conic bundle which is a projective model
of the twistor space Zb obtained in Theorem 4.2. Then its discriminant curves consist of the
following. (a) The two distinguished sections Γ and Γ of the morphism p˜im : T˜b → Λm. (b)
The reducible fibers p˜i−1m (1, λi, λ
2
i , · · · , λ
m
i ) where i satisfies r < i < s and li > 0. (c) Irreducible
fibers p˜i−1m (1, λi, λ
2
i , · · · , λ
m
i ) where i satisfies r < i < s and li = 0. (d) Irreducible curves
belonging to the pull-back of the system |OTb(1)| under the minimal resolution T˜b → Tb, where
OTb(1) is the hyperplane section class with respect to the canonical embedding Tb ⊂ CP
m+2.
Further, the number of such discriminant curves is given by (n + r − s).
Note that by the assumption (39) of Theorem 4.2, there actually exists a discriminant curve
belonging to (d). In the proof below, we will show that the conic bundle pb : Xb → T˜b is
a deformation of the original conic bundle p : X → T˜ , realized inside the CP2-bundle (49).
From this viewpoint, the discriminant curves (a) and (b) exactly correspond (a) and (b) in
Proposition 3.1 respectively, while {(c), (d)} corresponds (c) in Proposition 3.1.
Proof of Proposition 4.4. The curves (a), (b) and (c) are discriminant curves by the same
reasoning as those for (a), (b) and (c) of Proposition 3.1; all we have to do is to replace E2
and En+2 appeared in the proof (of Proposition 3.1) by Er and Es respectively. So we do not
repeat the argument here.
To find the discriminant curves in (d) concretely, fix any integer i satisfying 1 < i < r or
s < i < n+2. The number of such i is (n+r−s). Then on the twistor space Z of Joyce metric,
the intersection Li = S
+
i ∩S
−
i was a twistor line contained in Z
G1 by Proposition 2.13. On the
present twistor space Zb, although there exist no degree-one divisors S
+
i nor S
−
i , the twistor
line Li still makes as the G1-fixed twistor lines. Since Li is not contained in the anticanonical
cycle (40) on Zb, the image Φ
G1
m (Li) ⊂ Tb makes sense. In the following we put Ci := Φ
G1
m (Li)
and show that Ci is a hyperplane section of the minitwistor space Tb ⊂ CP
m+2.
For this purpose we first show that Ci is a curve and that it does not go through the singular
point of Tb. Since Li ⊂ Z
G1
b , if Li intersects the anticanonical cycle (40), the intersection
points are G1-fixed points. So the intersection point must be on C1 ∪C1 or the singular points
of the cycle C. But the latter cannot happen since the twistor line going through the singular
point of C is the twistor line Lj = S
+
j ∩ S
−
j for r ≤ j ≤ s which is different from the Li (with
1 < i < r or s < i < n + 2). Hence the intersection point of Li and (40) must be on C1 or
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C1. But since C1 is a non-isolated G1-fixed locus, any twistor line going through C1 cannot be
contained in the G1-fixed locus (on Zb). Therefore we obtain that Li is disjoint from the cycle
(40). This implies that Li∩Bs |Wm| = ∅. Hence, since Li ·mF = 2(m − 2) > 0, Ci is not a
point; namely it is a curve.
Since we have (ΦG1m )
−1(pi−1m (λ)) = Ψ
−1
m (λ) ∈ |F | for λ ∈ Λm by the diagram (45) and
Li ·F = 2 on Zb, the curve Ci intersects pi
−1
m (λ) transversally at two points for general λ ∈ Λm.
Further, since Li · S
±
j = 1 and Φ
G1
m (S
±
j ) are irreducible components of a reducible fiber of
pim if lj > 0, Ci actually intersects irreducible components of arbitrary reducible fibers of pim.
Further, since Li is away from the cycle (40) and since the conjugate pair of singular points
(P∞ and P∞) of Tb must be the images of
∑
r≤j≤sCj and
∑
r≤j≤sCj , Ci does not go through
these singularities. These intersection data directly implies that Ci is a hyperplane section of
Tb.
Finally we show that the conic bundle pb : Xb → T˜b does not have discriminant curves other
than (a)–(d). For this, recall that the present twistor space Zb is obtained as a deformation
of the twistor space Z of Joyce metric. Since Wm = H
0(mF )G1 holds on Z and Zb, the map
ΦG1m : Zb → Tb is a (G1-equivariant) deformation of Φ
G1
m : Z → T . Further, the explicit
blow-up sequence Z˜b → Zb is also a (G1-equivariant) deformation of Z˜ → Z. Moreover, by
(31), further blow-ups Z˜ ′b → Z˜b can be taken as a G1-equivariant deformation of Z˜
′ → Z˜.
and Z, the former blow-ups can be taken as a G1-equivariant deformation of the latter blow-
ups. Hence the compositions Z˜ ′b → Zb can be supposed to be a G1-equivariant deformation
of Z˜ ′ → Z. Furthermore, since the bimeromorphic map µb : Z˜b → Xb and µ : Z → X
are defined as the relative meromorphic maps associated the pair (Φ˜′b,OZ˜′
b
(E1 + E1)) and
(Φ˜′,OZ˜′(E1 + E1)) respectively and the divisor E1 + E1 on Z˜
′
b corresponds E1 + E1 on Z
through the deformation, the conic bundle pb : Xb → T˜b is a (G1-equivariant) deformation of
the conic bundle p : X → T˜ . Then since Er and Es in Zb correspond to E2 and En+2 in
Z respectively, and S±i in Zb correspond S
±
i in Zb for r < i < s under the deformation, the
discriminant curves in (a) and (b) in Proposition 3.1 correspond (a) and (b) of the present
proposition. Also, the discriminant curves in (d) corresponds a part of (c) (precisely speaking
the fibers p˜i−1m (1, λi, · · · , λ
m
i ) with 1 < i < r and s < i < n + 2) in Proposition 3.1, and the
curves in (c) in the present proposition correspond the remaining curves in (c) of Proposition
3.1. Since (a)–(c) in Proposition 3.1 are all discriminant curves for p, it follows that (a)–(d) are
also all discriminant curves for pb as well. Thus we have shown all the claims of the proposition.

5. Various examples of new Moishezon twistor spaces
In this section, we shall explain how the results obtained so far produce a number of new
Moishezon twistor spaces readily.
5.1. U(1)-equivariant deformations of arbitrary Joyce metrics. First, we explain a par-
ticular (but natural) way for obtaining a pair of a K-action on nCP2 and a U(1)-subgroup
fixing a sphere, from that on (n − 1)CP2, by means of equivariant connected sum. For this,
we take any effective K-action ρ on (n − 1)CP2 and let S2i ⊂ (n − 1)CP
2 (1 ≤ i ≤ n + 1)
be one of the K-invariant spheres. Let Ki ⊂ K be the isotropy U(1)-subgroup of S
2
i . Then
the K-action has exactly two fixed points on S2i . On the other hand we consider a standard
K-action on CP2, which is given by (z0, z1, z2) 7→ (z0, sz1, tz2), (s, t) ∈ K. We choose a U(1)-
subgroup {s = 1}. The fixed point set of this U(1)-action consists of a line {z2 = 0} and a point
{(0, 0, 1)}. Then for any one of the K-fixed points p ∈ S2i and q ∈ {z2 = 0}, a K-equivariant
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connected sum of (n − 1)CP2 and CP2 at p and q makes sense naturally. Consequently, we
obtain an effective K-action ρ′ on nCP2. On this nCP2, there exists a particular K-invariant
sphere which is obtained by gluing S2i and {z2 = 0}. Let K
′
i ⊂ K be the isotropy subgroup
of the last sphere. This way, starting from any effective K-action ρ on (n − 1)CP2 and any
U(1)-subgroup fixing a sphere, we naturally obtain an effective K-action ρ′ on nCP2 together
with a U(1)-subgroup K ′i fixing a sphere. This operation can be interpreted as U(1)-equivariant
connected sum of (n − 1)CP2 and CP2 at non-isolated fixed points. Now we show that all
these U(1)-actions on nCP2 have invariant self-dual metrics which are different from Joyce
metrics. More precisely, we have the following result concerning U(1)-equivariant deformations
of arbitrary Joyce metrics.
Theorem 5.1. Let n ≥ 3 and consider any effective K-action ρ on (n− 1)CP2, and take any
one of the U(1)-subgroups Ki (1 ≤ i ≤ n + 1) which fixes one of the K-invariant spheres as
above. Then at least one of the following holds. (i) The ρ-invariant Joyce metrics admit a Ki-
equivariant, non-K-equivariant deformation. (ii) If ρ′ denotes the K-action on nCP2 obtained
as a K-equivariant connected sum of (n−1)CP2 and CP2 at non-isolated fixed points as above,
then ρ′-invariant Joyce metrics admit a K ′i-equivariant, non-K-equivariant deformation.
Proof. If ρ contains a U(1)-subgroup which acts semi-freely (on (n− 1)CP2), then ρ-invariant
self-dual metrics are LeBrun metrics with torus action [17]. In this case, (i) holds if n ≥ 4 and
(ii) holds if n = 3. So in the following we suppose that ρ does not contain such a U(1)-subgroup.
Let Z be the twistor space of a ρ-invariant Joyce metric on (n − 1)CP2, S ∈ |F |G a real
smooth member, and C =
∑n+1
i=1 (Ci + Ci) the G-invariant anticanonical curve on S as before.
Then up to a possible permutation for the numbering, theK-invariant spheres S2i on (n−1)CP
2
are exactly the images of Ci (and Ci) under the twistor fibration Z → (n − 1)CP
2. Now
since the Ki-action is not semi-free by the above assumption, the two integers r and s (given
in Section 4.1) make sense. When (n − 1) + r − s > 0, (i) holds by Theorem 4.2. When
(n−1)+ r−s = 0, as in the proof of Theorem 4.3, if S′ → S is a blow-up at a conjugate pair of
G-fixed points on Ci ∪Ci, then the twistor space Z
′ of a Joyce metric on nCP2 having S′ as a
member of |F |G admits aK ′i-equivariant, non-K-equivariant deformation. Since a blowing-up is
equivalent to taking a connected sum with CP
2
, by the above choice of S′ → S, the K-action
on nCP2 is exactly ρ′. This means that ρ′-invariant Joyce metrics admit a K ′i-equivariant,
non-K-equivariant deformation. 
Let δ(n) be the number of equivalent classes of U(1)-actions on nCP2 that can be obtained
from an effective K-action on nCP2 by taking a U(1)-subgroup which fixes one of the K-
invariant spheres. (Here, we are considering all effective K-actions on nCP2.) Then for any
inequivalent such U(1)-actions on (n− 1)CP2, the resulting U(1)-actions on nCP2 (explained
above) are mutually inequivalent. Therefore, by Theorem 5.1, we have the following.
Corollary 5.2. Let δ(n) be as above. Then the number of equivalent classes of U(1)-actions
on nCP2 satisfying the following condition is at least δ(n − 1): (i) the U(1)-actions admit
invariant self-dual metrics which are different from Joyce metrics, (ii) their twistor spaces are
Moishezon.
Next we explain how to compute the number δ(n) for small values of n. In the following
we use the notations and conventions we employed in Section 2. In particular, for a selected
subgroup Gi (or Ki), 1 ≤ i ≤ n + 2, we apply a cyclic permutation for the indices of Cj’s so
that the component Ci becomes C1. Then we have the sequence (k2, k3, · · · , kn+2) of integers
defined by (3). The number kj was the order of the isotropy subgroup of the component Cj of
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the anticanonical curve. Namely, the C∗-subgroup first chosen is acting on the component Cj
by weight kj.
First, if n = 0 (i. e. when the 4-manifold is S4), there exists only one effective K-action, and
the number of K-invariant spheres is 2. Therefore there are 2 choices of U(1)-subgroups which
fix the invariant spheres. But for both of these 2 subgroups we have k2 = 1 and they are equiva-
lent actions. Hence we have δ(0) = 1. Similarly, onCP2, K-action is unique (up to equivalence)
and we have (k2, k3) = (1, 1) for any of the 3 subgroups. Hence we again have δ(1) = 1. When
n = 2, it is immediate from the result for the case n = 1 that the sequence (k2, k3, k4) can
take two values (1, 1, 1) and (1, 2, 1). Hence we have δ(2) = 2. On 3CP2 the number of K-
actions is still one, but (k2, k3, k4, k5) takes 5 values (1, 1, 1, 1), (1, 2, 1, 1), (1, 1, 2, 1), (1, 3, 2, 1)
and (1, 2, 3, 1). The second and third ones, and also the 4-th and 5-th ones, are clearly equiva-
lent, and hence we have δ(3) = 3.
If n = 4, the sequence (k2, k3, k4, k5, k6) takes
(1, 1, 1, 1, 1), (1, 2, 1, 1, 1), (1, 1, 2, 1, 1), (1, 1, 1, 2, 1)(50)
which are obtained from (1, 1, 1, 1) by equivariant connected sum (at non-isolated fixed points
in general), and
(1, 1, 2, 1, 1), (1, 2, 1, 1, 1), (1, 2, 3, 1, 1), (1, 2, 1, 2, 1), (1, 2, 1, 1, 1)(51)
which are obtained from (1, 2, 1, 1), and
(1, 1, 2, 3, 1), (1, 3, 2, 3, 1), (1, 2, 5, 3, 1), (1, 2, 3, 4, 1), (1, 2, 3, 1, 1)(52)
which are obtained from (1, 2, 3, 1). Removing equivalent ones, the sequences
(1, 1, 1, 1, 1), (1, 2, 1, 1, 1), (1, 2, 1, 2, 1), (1, 2, 3, 1, 1), (1, 3, 2, 3, 1), (1, 2, 5, 3, 1), (1, 2, 3, 4, 1)(53)
represent all mutually inequivalent U(1)-actions. Hence we obtain δ(4) = 7. By similar compu-
tations, we obtain δ(5) = 15. Although we cannot give an explicit formula for δ(n), we remark
that it is possible to show that
lim
n→∞
δ(n)
n2
≥
1
4
.(54)
In particular, δ(n) increases at least quadratically. But this is based on very rough estimate
and the actual values seems much bigger.
5.2. In this subsection we apply our result to LeBrun twistor spaces with K-action. For
LeBrun’s K-action on nCP2 with n ≥ 3, among the (n+ 2) subgroups, there exist [(n/2) + 2]
mutually inequivalent U(1)-subgroups. For these subgroups, the sequence (k2, k3, · · · , kn+2)
takes the following values:
(1, 1, · · · , 1), (
n︷ ︸︸ ︷
1, 2, 3, · · · , n, 1), (
n−1︷ ︸︸ ︷
1, 2, 3, · · · , n− 1, 1, 1)(55)
and
(
k︷ ︸︸ ︷
1, 2, 3, · · · , k − 1, k, 1,
n−k︷ ︸︸ ︷
n − k, n − k − 1, · · · , 2, 1),
[
n+ 1
2
]
≤ k ≤ n− 2.(56)
Here, the sequence (1, 1, · · · , 1) corresponds to the semi-free subgroup and in that case, the
twistor spaces admit U(1)-equivariant deformations which do not preserve K-action, provided
n ≥ 3. Among other sequences, only (1, 2, 3, · · · , n− 1, 1, 1) satisfies n+ r− s > 0. The twistor
spaces obtained by equivariant deformations with respect to this U(1)-action are exactly the
twistor spaces investigated in [11].
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The sequences (55) and (56) also mean that from the LeBrun twistor spaces on nCP2 with
n ≥ 3, we obtain [(n/2)+ 2] different minitwistor spaces. The minitwistor space corresponding
to (1, 1, · · · , 1) is a smooth quadric in CP3 (since we have m = 1), which is of course isomorphic
to CP1×CP1. The minitwistor spaces arising from the sequences (1, 2, 3, · · · , n− 1, 1, 1) (and
(1, 2, 3, · · · , n, 1) also) are the ones studied in [11]. The remaining [(n/2)−1] minitwistor spaces
are new (including the author’s previous papers).
The U(1)-actions generating these new minitwistor spaces satisfy n + r − s = 0 and hence
Theorem 4.2 does not give U(1)-equivariant deformations that do not preserve the K-action.
But again by Theorem 5.1 we obtain a pair of K-action on (n + 1)CP2 and a U(1)-subgroup
for which Theorem 4.2 gives U(1)-equivariant but non-K-equivariant deformations. We note
that the last U(1)-action is not semi-free and the twistor spaces are new.
5.3. Next we first display all minitwistor spaces of Joyce metrics that do not have real sin-
gularities. (Recall that by Proposition 2.14, the minitwistor spaces always have a conjugate
pair of singularities, as long as m > 1.) By Proposition 2.14, the minitwistor spaces associated
to the U(1)-subgroups have real singularity iff some lj (1 ≤ j ≤ n + 2) satisfies lj > 1,where
(l1, l2, · · · , ln+2) is the sequence of integers defined in Definition 2.6. So the minitwistor space
does not have real singularity only when lj = 0 or 1 for all j. It is readily seen that this
condition is equivalent to the condition that kj = 1 or 2 for all j. Hence the minitwistor spaces
associated to a U(1)-subgroups has no real singularities if and only if the isotropy subgroup at
any point is either {1}, U(1), or {±1}. The equivalent classes of these U(1) actions are uniquely
determined by the number of indices j satisfying kj = 2; namely the number of K-invariant
spheres on which −1 ∈ U(1) acts trivially. We note that in the sequence (k2, k3, · · · , kn+2) a
number greater than 1 cannot appear successively, by the effectivity of the actions. Therefore,
on nCP2, there are exactly [(n/2) + 1] kinds of these U(1)-actions. (For example, if n = 7,
these U(1)-actions are represented by (1, 1, 1, 1, 1, 1, 1, 1), (1, 2, 1, 1, 1, 1, 1, 1), (1, 2, 1, 2, 1, 1, 1, 1)
and (1, 2, 1, 2, 1, 2, 1, 1).)
Next we examine equivariant deformations of Joyce metrics with respect to these U(1)-
actions. The U(1)-action corresponding to (1, 1, · · · , 1) is the semi-free U(1)-action and there-
fore they admit U(1)-equivalent but non-K-equivariant deformations if n ≥ 3. For the remain-
ing U(1)-actions, n+ r − s takes the values
n− 2, n− 4, n − 6, · · · , 2, 0(57)
when n is even, and
n− 2, n− 4, n − 6, · · · , 3, 1(58)
when n is odd. Therefore, except the final case in (57), the twistor spaces admit U(1)-
equivariant, non-K-equivariant deformations by Theorem 4.2. If the number of the K-invariant
spheres whose isotropy is {±1} (namely the number of indices satisfying kj = 2) is one, the
deformed twistor spaces are exactly the ones investigated in [10]. If the number is greater than
one, the deformed twistor spaces, which are of course Moishezon, are new, to the best of the
author’s knowledge. Since the minitwistor spaces of these twistor spaces have no singularity
other than the conjugate pair of the quotient singularities, there is a chance that one can find
explicit construction of the twistor spaces.
5.4. Finally as another extreme case, for each n, we give minitwistor spaces of Joyce metrics
which have a lot of real singularities. For this, we consider a series of U(1)-actions on nCP2
represented by the following data for (k2, k3, · · · , kn+2):
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n (k2, k3, · · · , kn+2) (l1, l2, · · · , ln+2) m
2 (1, 2, 1) (1, 1, 1, 1) 2
3 (1, 2, 3, 1) (1, 1, 1, 2, 1) 3
4 (1, 2, 5, 3, 1) (1, 1, 3, 2, 2, 1) 5
5 (1, 2, 5, 8, 3, 1) (1, 1, 3, 3, 5, 2, 1) 8
6 (1, 2, 5, 13, 8, 3, 1) (1, 1, 3, 8, 5, 5, 2, 1) 13
7 (1, 2, 5, 13, 21, 8, 3, 1) (1, 1, 3, 8, 8, 13, 5, 2, 1) 21
· · · · · · · · · · · ·
If f(n) (n = 1, 2, 3, · · · ) denotes the Fibonacci sequence so that f(1) = 1, f(2) = 1, f(3) =
2, f(4) = 3, f(5) = 5, f(6) = 8, f(7) = 13, etc, then the basic invariant m (defined by Definition
2.2) for this U(1)-action on nCP2 is given by f(n+1). These U(1)-actions can be characterized
by the property that m attains the maximal value for each n, among all U(1)-actions on nCP2
obtained from effective K-actions by the restrictions. If Tn denotes the minitwistor space
associated to this U(1)-action on nCP2, according to Proposition 2.14, Tn has real Af(j)−1-
singularities for all 3 ≤ j ≤ n. So we can say that these minitwistor spaces are the most
singular ones among all minitwistor spaces obtained in Section 2. If n ≥ 4, these minitwistor
spaces are also new, to the best of the author’s knowledge.
For these U(1)-actions, we always have n + r − s = 0 and hence Theorem 4.2 does not
generate a U(1)-equivariant deformation which does not preserve K-action. But as we have
frequently done, by taking the K-equivariant connected sum with CP2 at the fixed sphere, the
Joyce metrics on (n+ 1)CP2 invariant under the resulting K-action admit a U(1)-equivariant
deformation that does not preserves the K-action. The corresponding twistor spaces is Moishe-
zon twistor space with C∗-action whose quotient space is Tn by Theorem 4.3. These twistor
spaces, whose detailed structure can be also derived from Proposition 4.4, are new in view of
the U(1)-actions on nCP2. However, contrary to the twistor spaces in §5.3, it seems difficult
to obtain an explicit construction of these twistor spaces, because the projective models have
a lot of complicated singularities.
6. Appendix
In Section 2 we obtained minitwistor spaces of Joyce metrics as an image of the meromorphic
map associated to some explicit linear system on the twistor spaces, and showed that they can
be regarded as quotient spaces of the twistor spaces by C∗-action. In this appendix we show
that these minitwistor spaces are actually ‘canonical’ quotient spaces.
For this we first recall a result of Fujiki [4] concerning quotient spaces under holomorphic
actions of a complex Lie group on compact complex manifolds. For simplicity we explain in
simple situation which is enough for our purpose. Let X be a compact complex manifold in
Fujiki class C and suppose that a Lie group C∗ is acting holomorphically on X. Further,
suppose that the action has at least one fixed point. Let DX be the Douady space of X, which
is a complex space parametrizing all complex subvarieties in X. By the assumption X ∈ C ,
all irreducible components of DX are compact [3]. The C
∗-action on X naturally induces a
holomorphic C∗-action on DX . The fixed point set D
C∗
X of the last action parametrizes all
C∗-invariant subvarieties in X.
Proposition 6.1. (Fujiki [4, Lemma 4.2]) There exists a unique irreducible component Y in
DC
∗
X satisfying the following property: There exists a dense Zariski open subset U ⊂ Y such
that for any u ∈ U , the corresponding C∗-invariant subvariety in X is the closure of an orbit
of the C∗-action.
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If (X × DX ⊃)W → DX denotes the universal family and WY → Y its restriction to
the subspace Y in the proposition, the restriction of the natural projection W → X to WY
is bimeromorphic. Hence by composition with WY → Y , we obtain a meromorphic map
f : X → Y . By construction, for any u ∈ U ⊂ Y , f−1(u) is the closure of an orbit of
the C∗-action. Since DX and D
C∗
X are canonically determined from the space X and the C
∗-
action, we call the uniquely determined space Y in the proposition the canonical quotient space
(by the C∗-action on X).
We go back to the situation we have been considering. Let Z be the twistor space of a Joyce
metric on nCP2 and G1 (≃ C
∗) a subgroup of G (≃ C∗×C∗) fixing (any one of) a component
C1 of the cycle C. Let T be the minitwistor space of the Joyce metric with respect to G1 (in
the sense of Definition 2.9). We will show the following.
Proposition 6.2. The minitwistor space T is isomorphic to the canonical quotient space by
the G1-action on Z.
For the proof, we need the following
Lemma 6.3. As before let ΦG1m : Z → T be the meromorphic map associated to the linear
system |Wm| (see Definition 2.8). Then we have the following. (i) There is a Zariski open
subset U ⊂ T such that for any u ∈ U the fiber (ΦG1m )
−1(u) is the closure of an orbit of the
G1-action. (ii) Φ
G1
m does not contract any divisor to a point.
Proof. For (i) recall that we have the commutative diagram (19). We set Λ◦m := Λm\{λ1, · · · , λn+2}
and U := pi−1m (Λ
◦
m)\{p∞, p∞}. If λ ∈ Λ
◦, Sλ := Ψ
−1
m (λ) is an irreducible and smooth member
of the pencil |F |G. Further by Propositions 2.4 and 2.5 (ii), the restriction ΦG1m |Sλ is identical
to the quotient morphism (2). Since the map (2) has exactly two singular (i.e. reducible) fibers,
and these are mapped to p∞ and p∞, we obtain that U satisfies the claim (i).
For (ii), again by the commutative diagram (19), it suffices to show that ΦG1m does not
contract any irreducible components of a member in |F |G to a point. As in the above proof for
the claim (i), this is obvious for irreducible members. So it remains to see that ΦG1m (S
+
i ) and
ΦG1m (S
−
i ) are not points for any 1 ≤ i ≤ n+ 2, where S
+
i + S
−
i are reducible members of |F |
G.
For this, we note that the meromorphic map ΦG1m |S+
i
is exactly the rational map associated to a
linear system |Wm|S+
i
|, whereWm|S+
i
is the image of the subspaceWm ⊂ H
0(Z,mF ) under the
restriction map H0(Z,mF )→ H0(S+i ,mF |S+
i
). By the definition of Wm, |Wm| is generated by
Y, Y and |Vm|. Hence |Wm|S+
i
| is generated by Y |S+
i
, Y |S+
i
and mS|S+
i
, where S is a smooth
member of |F |G. Then by Proposition 2.5 (iv), at least one of S+i 6⊂ Y or S
+
i 6⊂ Y holds.
Further, of course S+i 6⊂ S holds. Hence the linear system |Wm|S+
i
| has at least two different
members. Therefore ΦG1m (S
+
i ) is not a point. Then by reality, Φ
G1
m (S
−
i ) is not a point too. 
Proof of Proposition 6.2. Let α : Z → Z be a sequence of G1-equivariant blowing-up which
eliminates the indeterminacy of ΦG1m : Z → T so that the composition Z → Z → T is a
G1-equivariant morphism. Then by Hironaka’s flattening theorem [6, Corollary 1], there is a
sequence of blowing-ups T ′ → T , for which if Φ′ : Z ′ → T ′ denotes the strict transform of the
fiber product Z ×T T
′ → T ′ and β : Z ′ → Z denotes the natural projection, the morphism
Φ′ becomes flat:
(59)
Z ′
β
−−−−→ Z
α
−−−−→ Z
Φ′
y y yΦG1m
T ′ −−−−→ T T
31
By the universality of the Douady space and the flatness of Φ′, T ′ can be regarded as a complex
subvariety of the Douady space DZ′ . Further, by Lemma 6.3 (i), this subvariety T
′ must be
the unique component of DG1Z′ given in Proposition 6.1.
We write γ = α ◦ β and let γ∗ : DZ′ → DZ be the holomorphic map induced by γ. Since
the left half of the diagram (59) automatically becomes G1-equivariant, γ∗ is obviously G1-
equivariant. Further, since general fibers of Z ′ → T ′ is mapped to a general fiber of ΦG1m :
Z → T , the image γ∗(T
′) must equal to the unique component of DG1Z in Proposition 6.1.
Namely γ∗(T
′) coincides with the canonical quotient space of Z by the G1-action. Take any
y ∈ T and let y′1 and y
′
2 be points on T
′ which are mapped to the same point y under
T ′ → T . Then by the commutativity of the diagram (59), γ((Φ′)−1(y1)) and γ((Φ
′)−1(y2))
are contained in (ΦG1m )
−1(y). Now since (ΦG1m )
−1(y) is a curve by Lemma 6.3 (ii), we have
γ((Φ′)−1(y1)) = γ((Φ
′)−1(y2)) = (Φ
G1
m )
−1(y). This means γ∗(T
′) ≃ T , as required. 
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